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In this work, we analyze an extended N = 2 supersymmetry with central charge and develop its superspace formulation under
two distinct viewpoints. Initially, in the context of classical mechanics, we discuss the introduction of deformed supersymmetric
derivatives and their consequence on the deformation of one-dimensional nonlinear sigma model. After that, considering a fieldtheoretical framework, we present an implementation of this superalgebra in two dimensions, such that one of the coordinates is
related to the central charge. As an application, in this two-dimensional scenario, we consider topological (bosonic) configurations
of a special self-coupled matter model and present a nontrivial fermionic solution.

1. Introduction
Back in 1975, the paper by Haag, Lopuszanski, and Sohnius
[1] established the most general supersymmetric algebra in
four dimensions, which respects the Poincaré invariance
and requirements of 𝑆−matrix. In addition to the Poincaré
operators and usual Majorana supercharges, it is possible to
include new operators, known as central charges, which have
all vanishing commutation relations.
Essentially, the investigations associated with central
charges in field theories can be divided into three parts. In
the first one, the main subject was the classification of the
multiplets related to massless and massive representations. In
this part, the papers by Salam and Strathdee [2, 3] initially
analyzed the case without central charges and a series of
works clarified the general one (e.g., see the review [4] and
references therein). These works have shown that, in the
presence of central charges, some states are avoided in the
massive representation and, in particular situations, central
charges may be connected to internal symmetries.
The second part corresponds to investigations at the
classical level. One of the remarkable contributions was

the work by Witten and Olive [5], where the authors considered some specific models in two and four dimensions
with topological configurations and obtained a connection
between central charges and topological numbers. After
that, other situations involving topological defects have been
explored, such as complex projective space 𝐶𝑃𝑛−1 and others
nonlinear sigma models [6–10]. For a more detailed discussion of central charges and topological defects, we indicate
[11].
Another interesting classical point of view showed up
after the dimensional reduction of supersymmetric models.
Some works have discussed that central charges can be seen as
an inheritance of dimensional reduction [12–15]. In particular
cases, it is related to the momentum operator of the extradimension [16]. We highlight an exotic situation in [17], in
which the dimensional reduction of super-Yang-Mills model
in four dimensions with 𝑂(𝑁) symmetry group leads to
Georgi-Glashow-like model in three dimensions, where the
central charge is associated with the electrical charge of
the abelian subgroup, i.e., other nontopological explanation
to central charge. We also indicate some supersymmetric
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models with central charges in higher-dimensional theories
and brane-world scenarios [18–23].
The third part concerns the quantum aspects. Specifically,
by means of quantum effects, the central charge has appeared
as a quantum anomaly in superalgebra. From this perspective,
many situations have been analyzed, such as nonlinear
sigma models, kink, monopoles, domain walls, and vortices
[24–31].
In the context of supersymmetric mechanics with central
charge, some investigations of field-theoretical models may
correspond to (quantum) mechanical systems, namely, in the
study of superconducting cosmic strings, localized fermions
on domain walls, and gapped and superconducting graphene
[32–35]. Moreover, in some well-known mechanical situations, such as Coulomb, Aharonov–Bohm–Coulomb, and
Aharonov–Casher systems, it is possible to accommodate
extended supersymmetries with central charge [36], which
explain the degeneracy of the energy spectra. In the presence
of an external electromagnetic background, the Poincaré
algebra leads to a residual symmetry algebra with a central
charge, deformed translations, and Lorentz generators [37,
38].
At this point, it is worthy to emphasize that we are
using the term “central charge” based on the generators
with all vanishing commutation relations. However, there are
situations in which new bosonic generators have been added
to superalgebra with some nonvanishing commutators. For
example, we address the cases of weak supersymmetry [39]
and other generalizations known as centrally extensions
involving the 𝑠𝑢(2 | 1) and 𝑠𝑢(2 | 2) algebras [40–42]. Finally,
we highlight some results in supersymmetric mechanics in
which the introduction of central charges can be related to
duality and mirror symmetries [43–46]. We shall return to
this point in Section 2.2.
In this work, some investigations of N = 2 supersymmetry with one (real) central charge are carried out in
mechanics and two-dimensional field theory. We consider a
similar superalgebra adopted in [45, 46] and we propose an
alternative implementation of this supersymmetry through
superspace approach. Here, we shall present a prescription
to implement this extended supersymmetry by means of
deformed covariant derivatives.
The paper is organized as follows: in Section 2, we
discuss the N = 2 supersymmetric mechanics with central charge. We focus on the construction of the superspace formulation and central charge transformation and
propose deformed derivatives. In this context, we present
a deformation of one-dimensional nonlinear sigma model
and revise the particular case discussed in [45]. Then, a
comparison between the two supersymmetric implementations is established. After that, in Section 3, we turn
our attention to supersymmetric field theories. Here, we
develop a possible implementation of this superalgebra in
two dimensions, where a new coordinate is related to central
charge. In this scenario, we present a model with topological
(bosonic) configurations and obtain a nontrivial fermionic
solution. Finally, in Section 4, we display our concluding
comments.
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2. Supersymmetric Mechanics with
Central Charge
In N = 2 supersymmetric one-dimensional systems (mechanical case), we have two (real) supercharges, 𝑄1 and 𝑄2 ,
which satisfy the following superalgebra with the Hamiltonian (𝐻): 𝑄21 = 𝑄22 = 𝐻 and [𝑄1 , 𝐻] = [𝑄2 , 𝐻] = 0.
In this work, we are going to deal with a possible extension
of this case by including one real central charge (𝑍) in the
anticommutator {𝑄1 , 𝑄2 } = 2𝑍. We shall adopt a complex
notation for the supercharges, namely, 𝑄 = (1/√2)(𝑄1 + 𝑖𝑄2 )
and 𝑄 = (1/√2)(𝑄1 − 𝑖𝑄2 ), which leads to
{𝑄, 𝑄} = 2𝐻,

(1)

[𝑄, 𝐻] = [𝑄, 𝐻] = 0,

(2)

𝑄2 = 𝑖𝑍,
2

𝑄 = −𝑖𝑍.

(3)

With the aforementioned relations, one can check that
[𝑄, 𝑍] = [𝑄, 𝑍] = [𝐻, 𝑍] = 0; i.e., 𝑍 has the properties of a
central charge. We also highlight that a similar superalgebra
was considered in. [45, 46], with only different conventions
in (3).
In order to implement this extended supersymmetry
through a superfield approach, we first introduce two (complex) Grassmann parameters, 𝜃 and 𝜃, such that the superspace can be described by (𝑡; 𝜃, 𝜃), where 𝑡 is the time
parameter. Throughout this work, the Grassmann derivatives
are understood in the sense of acting from left to the right;
e.g., (𝜕/𝜕𝜃)(𝜃𝜃) = −𝜃. Furthermore, we draw the attention to
the procedure we adopt to realize the representation of central
charge. Our proposal consists in implementing the central
charge by means of a deformation of the supersymmetric
generators. Now, to read the explicit form of this deformation, we act with the supersymmetric transformation on a
supermultiplet and, by imposing a number of conditions that
we are going to present later on, we get the final form of the
deformation.
The superalgebra above can be realized in a differential
representation. To achieve this, we define 𝛿𝐻 = 𝑖𝜕𝑡 and the
following (deformed) supercharge operators:
𝛿𝑄 = 𝜕𝜃 + 𝑖𝜃𝜕𝑡 + 𝑖𝜃𝛿𝑧 ,

(4)

𝛿𝑄 = 𝜕𝜃 + 𝑖𝜃𝜕𝑡 − 𝑖𝜃𝛿𝑧 ,

(5)

where we have used the notations 𝜕𝑡 = 𝜕/𝜕𝑡, 𝜕𝜃 = 𝜕/𝜕𝜃, and
𝜕𝜃 = 𝜕/𝜕𝜃.
Moreover, we point out an important comment: it is
worthy to introduce a deformation 𝛿𝑧 in the (supersymmetric) covariant derivatives. Similarly to the case of the
supercharges, (4) and (5), we define
D = 𝜕𝜃 − 𝑖𝜃𝜕𝑡 − 𝑖𝜃𝛿𝑧 ,

(6)

D = 𝜕𝜃 − 𝑖𝜃𝜕𝑡 + 𝑖𝜃𝛿𝑧 ,

(7)
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which satisfy {D, D} = −2𝑖𝜕𝑡 and have vanishing anticommutation relations with the supercharges, {𝛿𝑄, D} = {𝛿𝑄, D} =
{𝛿𝑄, D} = {𝛿𝑄, D} = 0.
By using these (deformed) covariant derivatives instead
of the usual 𝐷 = 𝜕𝜃 − 𝑖𝜃𝜕𝑡 and 𝐷 = 𝜕𝜃 − 𝑖𝜃𝜕𝑡 , we
automatically take into account the contribution of central
charge and ensure the extended supersymmetric invariance
of the action formulated in terms of the covariant derivatives
and superfields. For a trivial central charge transformation,
we recover the usual N = 2 supersymmetry. On the other
hand, one could use the derivatives 𝐷 and 𝐷, as done in
[45, 46]. However, in this situation, one should perform a
careful analysis of the supersymmetric transformation of the
Lagrangian (in components) and add some counter-terms
in order to maintain the invariance. Here, we claim that
these additional terms are exactly the ones generated by the
derivatives D and D. We shall return to this point in more
detail in Section 2.2, where a particular case will be analyzed.
At this moment, it is advisable to point out that, in this
section, the introduction of central charge is not associated
with an extra coordinate in superspace. In other words, the
superspace is parametrized by (𝑡, 𝜃, 𝜃) and the central charge
is implemented through deformation of supercharges and
covariant derivatives.
The introduction of supercharges and deformed derivatives in connection with central charge is not exclusive to
this work. For instance, in [47], the authors investigated a
central charge (Σ) in the relation {𝑄, 𝑄} = 2(𝐻 − Σ) and the
invariance of the action is also implemented in a more simple
way by using the superfields and the correspondent deformed
derivatives.
As already mentioned, one of the goals in this work is
to study in what multiplet we can introduce a nontrivial
central charge transformation related to the superalgebra (1)(3). Here, we consider the multiplet (1, 2, 1), described by
one bosonic, two fermionic (Grassmann), and one auxiliary
bosonic coordinates. The correspondent superfield is given by
𝑋 ≡ 𝑋 [𝑡; 𝜃, 𝜃] = 𝑥 (𝑡) + 𝑖𝜃𝜉 (𝑡) + 𝑖𝜃 𝜉 (𝑡) + 𝜃𝜃W (𝑡) .

(8)

Let us first establish the supersymmetric transformation
of these components. By using 𝛿 = 𝜖𝛿𝑄 + 𝜖𝛿𝑄, with complex
Grassmann parameters 𝜖 and 𝜖, one can show that
𝛿𝑥 = 𝑖𝜖𝜉 + 𝑖𝜖𝜉,

𝛿W =

2.1. Deformed Nonlinear Sigma Model. The nonlinear sigma
models in connection with extended supersymmetric
mechanics have been a subject of intense investigation. In
[50–55], the authors discussed some cases with N > 2
supersymmetries. The inclusion of central charges was done
in [45, 46] and [56] for N = 2 and N = 4, respectively.
We also highlight some deformations involving 2− and
4−forms, which are related to torsion-like contributions
[57] and applications to Black-Hole [58]. For a review of
one-dimensional nonlinear sigma model and some aspects
of geometry and topology, we point out the works [59, 60].
In the study of superparticles, one can introduce the socalled tensorial central charges (see [61–64] and references
therein), which are responsible to fix some constraints in
the equations of motion and have found applications in
higher-spin models.
Having established the superspace formulation, let us
investigate a possible application. Here, we propose what we
refer to as our deformed nonlinear sigma model in terms of
the deformed derivatives, a multiplet of real superfields 𝑋𝑎 ,
and an arbitrary metric 𝑔𝑎𝑏 (𝑥). Then, the supersymmetric
model is described by the following action
1
𝑆 = ∫ 𝑑𝑡𝑑𝜃𝑑𝜃 [ 𝑔𝑎𝑏 (𝑋) D𝑋𝑎 D𝑋𝑏 ] ,
(10)
2
which can be written in components as
𝑆 = ∫ 𝑑𝑡 {

𝛿𝜉 = −𝜖𝑥̇ − 𝑖𝜖W − 𝜖𝛿𝑧 𝑥,
𝛿𝜉 = −𝜖𝑥̇ + 𝑖𝜖W + 𝜖𝛿𝑧 𝑥,

𝑖𝜇, where 𝜇 is a constant (real) parameter. Bearing this in
mind and applying the relation [𝛿𝑧 , 𝛿] = 0 in all superfield
components, one can arrive at the conditions 𝛿𝑧 𝜉 = 0 = 𝛿𝑧 𝜉
and 𝛿𝑧 W = 0. Actually, the main reason to fix this particular
transformation is that 𝛿W = (𝑑/𝑑𝑡)(⋅ ⋅ ⋅ ), which guarantees
the invariance of the action in the superfield approach. For
example, if we do not consider a constant, namely, 𝛿𝑧 𝑥 =
𝑖𝑓(𝑥), with 𝑓(𝑥) being an arbitrary function of 𝑥, we do not
obtain a total derivative in 𝛿W.
Finally, we remember that, in N = 2 supersymmetry
(without 𝑍), the quiral (𝜙) and antiquiral (𝜙) superfields have
been defined in a manner that satisfies the conditions 𝐷𝜙 =
0 and 𝐷𝜙 = 0. By using a Kähler (pre)potential, 𝐾(𝜙, 𝜙),
these superfields were applied in the study of supersymmetric
models associated with eletromagnetic interaction of a point
particle [48, 49]. Here, we emphasize that the imposition of
the aforementioned conditions with the deformed derivatives
leads to trivial central charge transformations.

(9)

𝑑
(𝜖𝜉 − 𝜖𝜉) − 𝜖𝛿𝑧 𝜉 − 𝜖𝛿𝑧 𝜉.
𝑑𝑡

Now we can proceed to fix the central charge transformation. In the case of real superfield, we note that 𝛿𝜉 is the
complex conjugation of 𝛿𝜉; therefore 𝛿𝑧 𝑥 must be bosonic
and pure imaginary. Moreover, 𝛿W is bosonic; then 𝛿𝑧 𝜉 and
𝛿𝑧 𝜉 should be fermionic. At this point, we suggest that 𝛿𝑧 𝑥 =

𝑏
𝑔𝑎𝑏 𝑎 𝑏
̇𝑏
[𝑥̇ 𝑥̇ + W𝑎 W𝑏 + 𝑖𝜉𝑎 𝜉 − 𝑖𝜉𝑎̇ 𝜉
2
𝑎

𝑏

+ 𝑖𝜉𝑎 𝛿𝑧 𝜉𝑏 + 𝑖 (𝛿𝑧 𝜉 ) 𝜉 + (𝛿𝑧 𝑥𝑎 ) (𝛿𝑧 𝑥𝑏 )]
−

𝑖𝜕𝑗 𝑔𝑎𝑏
2

𝑗

𝑗

𝑗 𝑏

[(𝑥̇𝑏 𝜉 𝜉𝑎 − 𝑖W𝑏 𝜉 𝜉𝑎 − 𝜉 𝜉 𝛿𝑧 𝑥𝑎 )
𝑏

𝑏

(11)
𝑏

+ (𝑥̇𝑎 𝜉𝑗 𝜉 + 𝑖W𝑎 𝜉𝑗 𝜉 + 𝜉𝑗 𝜉𝑎 𝛿𝑧 𝑥𝑏 ) − 𝑖W𝑗 𝜉𝑎 𝜉 ]
−

𝑘
𝑏
1
(𝜕𝑗 𝜕𝑘 𝑔𝑎𝑏 ) 𝜉𝑗 𝜉 𝜉𝑎 𝜉 } .
2

4
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By taking 𝛿𝑧 𝑥𝑎 = 𝑖𝜇𝑎 and 𝛿𝑧 𝜉𝑎 = 0, we obtain two
new contributions: one coupled to the metric and other
with its first derivative. Notice that, for an euclidean metric
(𝑔𝑎𝑏 = 𝛿𝑎𝑏 ), we obtain a trivial result; namely, the Lagrangian
(without central charge) is shifted by a constant. Therefore,
only in specific curved spaces, one can introduce a nontrivial
deformation.
2.2. A Particular Nonlinear Sigma Model. In this subsection,
let us revise a particular one-dimensional nonlinear sigma
model described in [45] under a distinct point of view. The
model consists of a point-particle restricted to the cylinderlike topology with a variable radius. More specifically, we consider a particular metric 𝑑𝑠2 = 𝑔𝑎𝑏 (𝑥)𝑑𝑥𝑎 𝑑𝑥𝑏 (𝑎, 𝑏 = 1, 2),
where 𝑔𝑎𝑏 = diag(1, ℎ(𝑥1 )) and ℎ(𝑥1 ) denotes an arbitrary
nonnegative function. Hence, 𝑥1 is the axial coordinate with
√ℎ(𝑥1 ) being the cylinder radius and 𝑥2 corresponds to the
angular coordinate.
In the supersymmetric description of this model, we have
two real superfields 𝑋1 and 𝑋2 with the following central
charge transformations: 𝛿𝑍 𝑥1 = 𝑖𝜇 and 𝛿𝑍 𝑥2 = 0. After
considering these particular metric and transformations in
action (11), one arrives at the correspondent Lagrangian
𝐿=

1
2
2
1
1
̇1
[(𝑥1̇ ) + 𝑖 (𝜉1 𝜉 − 𝜉1̇ 𝜉 ) + (W1 ) ] +
2
2

in components and an analysis of supersymmetric transformation (with central charge) leads to a noninvariant action.
In order to restore the invariance, some corrections terms
(𝑐 − 𝑡) are needed; i.e., a new contribution 𝑆𝑐−𝑡 is added to 𝑆0
such that the complete action 𝑆 = 𝑆0 + 𝑆𝑐−𝑡 remains invariant.
Here, we claim that this complete action coincides with (10).
Therefore, the deformed derivatives automatically include the
correspondent 𝐿 𝑐−𝑡 , namely, the last two terms in (12) with
parameters 𝜇 and 𝜇2 .

3. Supersymmetric Field Theory with
Central Charge
In this section, we present another point of view to investigate
this extended supersymmetry. Our proposal is to introduce a
new coordinate V related to central charge 𝑍. It is worthy to
comment that the introduction of extra bosonic coordinates
− and, consequently, an extended superspace and deformed
derivatives − is not exclusive to this work. We highlight some
works [65–68] in which this approach has been adopted in
other contexts. For instance, in [69], the authors developed
an 𝑁−extended Poincaré superalgebra with 𝑁(𝑁 − 1)/2
tensorial central charges and applied this formulation in
higher-dimensional superparticle.
Here, we shall generalize the procedure described in [48]
for N = 2 supersymmetric mechanics (without 𝑍). Initially,
let us define a group element

2
2
2
1
̇2
⋅ ℎ [(𝑥2̇ ) + 𝑖 (𝜉2 𝜉 − 𝜉2̇ 𝜉 ) + (W2 ) ] +
2
2

1

2

1

⋅ ℎ [−𝑖𝑥2̇ (𝜉1 𝜉 + 𝜉 𝜉2 ) + W2 (𝜉1 𝜉 − 𝜉 𝜉2 )

𝐺 (𝑡, V, 𝜃, 𝜃) = 𝑒𝑖𝑡𝐻+𝑖V𝑍+𝑖𝜃𝑄+𝑖𝑄 𝜃 .
(12)

2
1
2
1 2
1
1
− W1 𝜉2 𝜉 ] − ℎ 𝜉1 𝜉 𝜉2 𝜉 + 𝜇ℎ (𝜉1 𝜉2 − 𝜉 𝜉 )
2
2

1
− 𝜇2 ℎ,
2

By using the superalgebra, (1)-(3), and the well-known
Baker-Campbell-Hausdorff identity, 𝑒𝐴 𝑒𝐵 = 𝑒𝐴+𝐵 𝑒(1/2)[𝐴,𝐵] ,
where [[𝐴, 𝐵], 𝐴] = 0 = [[𝐴, 𝐵], 𝐵], one may verify the group
structure with the multiplicative rule


𝐺 (𝑡 , V , 𝜃 , 𝜃 ) 𝐺 (𝑡, V, 𝜃, 𝜃) = 𝐺 (𝑡 + 𝑡

where ℎ and ℎ denote the first and second derivatives of
ℎ(𝑥1 ), respectively.
According to [45], after carrying out the canonical quantization and imposing the superalgebra on the operators, it
is possible to recognize a connection involving the central
charge parameter (𝜇) and the quantum number (]) of the
angular momentum, given by the map duality 𝜇 ←→ ]. In
addition, this duality also maps the radius 𝑅 = √ℎ(𝑥1 ) and 𝑥1
with the following simultaneous transformations: 𝑅 ←→ 1/𝑅
and 𝑥1 ←→ −𝑥1 .
Finally, we notice that the Lagrangian (12) is equivalent
to the one obtained in [45]. It only differs from some signs
and 𝑖−factors which are due to our different conventions. At
this point, it is interesting to compare both methodologies. In
[45], the authors considered the following action
1
𝑆0 = ∫ 𝑑𝑡𝑑𝜃𝑑𝜃 [ 𝑔𝑎𝑏 (𝑋) 𝐷𝑋𝑎 𝐷𝑋𝑏 ] ,
2

(14)

(13)

where 𝐷 = 𝜕𝜃 − 𝑖𝜃𝜕𝑡 and 𝐷 = 𝜕𝜃 − 𝑖𝜃𝜕𝑡 correspond to
derivatives without central charge. Then, (13) is decomposed





+ 𝑖 (𝜃 𝜃 + 𝜃 𝜃) , V + V + (𝜃 𝜃 − 𝜃 𝜃) , 𝜃 + 𝜃 , 𝜃

(15)



+𝜃 ),
which leads to the following translation in the new superspace


(𝑡, V, 𝜃, 𝜃) → (𝑡 + 𝑡 + 𝑖 (𝜃 𝜃 + 𝜃 𝜃) , V + V








(16)

+ (𝜃 𝜃 − 𝜃 𝜃) , 𝜃 + 𝜃 , 𝜃 + 𝜃 ) .
Notice that a real translation acts on V in a similar way to
time, namely, in both cases appear bilinear of the Grassmann
parameters (𝜃, 𝜃).
Starting with the group element 𝐺(𝑡, V, 𝜃, 𝜃) described
previously, we establish the superfield as
𝑋 (𝑡, V, 𝜃, 𝜃)
= 𝐺 (𝑡, V, 𝜃, 𝜃) 𝑋 (0, 0, 0, 0) 𝐺−1 (𝑡, V, 𝜃, 𝜃) .

(17)
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Now we consider an infinitesimal transformation and
obtain the differential representation to supercharges and
central charge. By using infinitesimal parameters (𝑡 , V , 𝜃 ,


𝜃 ) → (𝜀, 𝜁, 𝜖, 𝜖) and the multiplicative rule (15), we have
𝐺 (𝜀, 𝜁, 𝜖, 𝜖) 𝑋 (𝑡, V, 𝜃, 𝜃) 𝐺−1 (𝜀, 𝜁, 𝜖, 𝜖) = 𝑋 (𝑡 + 𝜀
+ 𝑖 (𝜖𝜃 + 𝜖𝜃) , V + 𝜁 + (𝜖𝜃 − 𝜖𝜃) , 𝜃 + 𝜖, 𝜃 + 𝜖) .

(18)

A general operator O satisfies 𝑖[O, 𝑋] ∼ 𝛿O 𝑋. Thus, from
(18), one may expand both sides and obtain the following
differential representation:
𝐻

𝛿 = 𝑖𝜕𝑡 ,
𝑍

𝛿 = −𝑖𝜕V ,

(19)

𝛿𝑄 = 𝜕𝜃 + 𝑖𝜃𝜕𝑡 − 𝜃𝜕V .

(20)

At this point, we realize that the central charge behaves
like a momentum operator of the “extra dimension” V. In
comparison with the supercharges in mechanical case, (4)
and (5), we have an analogous structure, but now central
charge is completely fixed, 𝛿𝑍 = −𝑖𝜕V , independently of the
superfield components. These differential operators satisfy
the same superalgebra: {𝛿𝑄, 𝛿𝑄} = 2𝛿𝐻, (𝛿𝑄)2 = 𝑖𝛿𝑍 and
(𝛿𝑄)2 = −𝑖𝛿𝑍, with 𝛿𝐻 and 𝛿𝑍 commuting with all operators.
In order to obtain the covariant derivatives, we consider
an alternative multiplication to the right of the group ele
ments, 𝐺(𝑡, V, 𝜃, 𝜃)𝐺(𝑡 , V , 𝜃 , 𝜃 ), which leads to
D = 𝜕𝜃 − 𝑖𝜃𝜕𝑡 − 𝜃𝜕V ,
D = 𝜕𝜃 − 𝑖𝜃𝜕𝑡 + 𝜃𝜕V .

(21)

These covariant derivatives exhibit the same representation of the deformed derivatives in the mechanical case
(now with 𝛿𝑍 = −𝑖𝜕V ) and anticommutation rules with
the supercharges 𝛿𝑄 and 𝛿𝑄. In both mechanical and field
theory situations, the main role of the deformed derivatives
is to provide a description with a manifested (extended)
supersymmetry. In other words, by using the superfields and
deformed derivatives, the invariance of the action is guaranteed. Moreover, these deformed derivatives are intrinsically
2

related to the central charge by the following algebra: D =
𝑖𝛿𝑍 and D2 = −𝑖𝛿𝑍. Thus, for a vanishing central charge, the
derivatives shall be nilpotent.
Having established the supercharges and covariant (deformed) derivatives, we turn our attention to the discussion
of superfield and supersymmetric transformation. We define
a real (bosonic) superfield as
𝑋 = 𝑓1 (𝑡, V) + 𝑖𝜃𝜓 (𝑡, V) + 𝑖𝜃 𝜓 (𝑡, V) + 𝑓2 (𝑡, V) 𝜃𝜃.

𝛿𝑓1 = 𝑖𝜖𝜓 + 𝑖𝜖𝜓 + 𝜀𝑓1̇ + 𝜁𝜕V 𝑓1 ,

(23)

𝛿𝜓 = 𝑖𝜖𝜕V 𝑓1 − 𝑖𝜖𝑓2 − 𝜖𝑓1̇ + 𝜀𝜓̇ + 𝜁𝜕V 𝜓,

(24)

𝛿𝑓2 =

𝑄

𝛿 = 𝜕𝜃 + 𝑖𝜃𝜕𝑡 + 𝜃𝜕V ,

we deal with the component fields 𝑓1 , 𝑓2 , 𝜓, and 𝜓, which in
general depend on (𝑡, V). However, by taking a dimensional
reduction, one can arrive at mechanical case. For example,
in the trivial reduction, 𝜕V (all fields) = 0, we recover the
usual N = 2 supersymmetry (without central charge) with
the identification (𝑓1 , 𝜓, 𝜓, 𝑓2 ) → (𝑥, 𝜉, 𝜉, W).
Let us obtain the component transformations with this
kind of supersymmetry. By taking the Taylor expansion of the
right-hand side of (18) and comparing with 𝛿𝑋 ≡ 𝛿𝑓1 +𝑖𝜃𝛿𝜓+
𝑖𝜃𝛿𝜓 + 𝜃𝜃𝛿𝑓2 , we have the following variations

(22)

It is important to mention that, in this formulation, we
do not have a classical mechanics description, because now

𝜕
𝜕
(𝜖𝜓 − 𝜖𝜓 + 𝜀𝑓2 ) +
(𝑖𝜖𝜓 + 𝑖𝜖𝜓 + 𝜁𝑓2 ) .
𝜕𝑡
𝜕V

(25)

Once 𝑓2 transforms as partial derivatives of V and 𝑡, one
may describe an invariant action in terms of real superfield
and covariant derivatives. For supersymmetric transformations, we just need to fix 𝜁 = 𝜀 = 0 in the last variations, such
that 𝛿𝑆𝑈𝑆𝑌 = 𝜖𝛿𝑄 + 𝜖𝛿𝑄, where 𝛿𝑄 and 𝛿𝑄 are given by (20).
In this case, the component transformations are very similar
to the mechanical case, (9).
Finally, we emphasize that in our formalism the chiral
and antichiral superfields do not depend on V and have the
same structure of the supersymmetric model without central
charge.
3.1. Topological Configurations in (1+1)D. In this subsection,
we discuss an application of the previous formalism. We
investigate a particular model in two dimensions. Using the
covariant derivatives (21) and real superfield (22), we propose
the following action
1
𝑆 = ∫ 𝑑𝑡𝑑V𝑑𝜃𝑑𝜃 [ D𝑋D𝑋 + 𝑈 (𝑋)] ,
2

(26)

where 𝑈(𝑋) denotes an arbitrary superpotential.
This action leads to the following Lagrangian density
2

(𝑓 )
2
𝜕𝑈
1
𝜕2 𝑈
1
2
+ 𝜓𝜓 2
L = (𝑓1̇ ) − (𝜕V 𝑓1 ) + 2 + 𝑓2
2
2
2
𝜕𝑓1
𝜕𝑓1

(27)

𝑖
1
̇ + ((𝜕V 𝜓) 𝜓 + 𝜓 (𝜕V 𝜓)) .
+ (𝜓𝜓̇ − 𝜓𝜓)
2
2
Hence, we obtain a Klein-Gordon profile (first two
terms), so we again note that V and 𝑍 can be interpreted
as spatial coordinate and momentum operator (𝛿𝑍 = −𝑖𝜕V ),
respectively. In this case, we concluded that the role of central
charge is to accommodate field theory in (1 + 1)𝐷.
Since the auxiliary field 𝑓2 (𝑡, V) does not have dynamics,
it can be eliminated by its equation of motion, 𝑓2 (𝑡, V) =
−𝜕𝑈/𝜕𝑓1 , resulting in the on-shell Lagrangian density
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Lon-shell =

1 ̇ 2 1
1 𝜕𝑈 2
2
(𝑓1 ) − (𝜕V 𝑓1 ) − (
)
2
2
2 𝜕𝑓1
+ 𝜓𝜓

𝜕2 𝑈
𝑖
̇
+ + (𝜓𝜓̇ − 𝜓𝜓)
2
𝜕𝑓12

By using the supersymmetric pertubation, (33), one can
arrive at the following fermionic (static) solution
(28)

The equations of motion are given by
𝑓1̈ − 𝜕V2 𝑓1 + 𝑈 𝑈 − 𝜓𝜓𝑈 = 0,

(29)

𝑖𝜓̇ − 𝜕V 𝜓 − 𝜓𝑈 = 0,

(30)

where we used 𝑈 ≡ 𝜕𝑈/𝜕𝑓1 and similarly for higher derivatives.
Here, we notice that these equations of motion can
accommodate topological configurations. Let us initially
consider a trivial fermionic sector, 𝜓(𝑡, V) = 𝜓(1) (𝑡, V) = 0.
Then, for a particular case 𝑓1 (𝑡, V) = 𝑓1(1) (V), satisfying
(31)

we obtain a possible solution. This first-order equation can
describe some topological configurations. We only need to
specify the potential 𝑈(𝑓1 ). Before doing that, we would like
to point out some comments about the fermionic sector.
It is interesting to highlight that we can take advantage
of the supersymmetric structure to get a set of solutions with
nontrivial fermionic sector. We shall adopt a similar procedure discussed in [70], where oscillinos (fermionic) solutions
were obtained by means of supersymmetric transformations
on the oscillons (bosonic configurations).
First, one may verify that, by applying supersymmetric
transformations, (29) and (30) are mapped into each other.
That is exactly the sense of supersymmetry. In order to obtain
a nontrivial fermionic solution with topological structure
in the bosonic sector, we use the on-shell supersymmetric
transformations, namely, (23) and (24) with 𝜀 = 𝜁 = 0
and 𝑓2 = −𝑈 . In other words, we need to consider a
supersymmetric perturbation of the previous solution,
𝑓1(2) = 𝑓1(1) + 𝛿𝑓1(1) ≡ 𝑓1(1) ,

(32)

𝜓(2) = 𝜓(1) + 𝛿𝜓(1) ≡ 𝛿𝜓(1) = 𝑖𝜖𝜕V 𝑓1(1) + 𝑖𝜖𝑈 ,

(33)

which are also solutions of the equations of motion (29) and
(30).
Finally, let us present a particular case. If we fix the
arbitrary function 𝑈(𝑓1 ) such that
2
1 
2𝜋
[𝑈 (𝑓1 )] = 𝐴 [1 − cos ( 𝑓1 )] ,
2
𝐹

(34)

with 𝐴 and 𝐹 being constant parameters, then we obtain a
new supersymmetric version of the sine-Gordon model [71].
In this case, the bosonic solution is given by
𝑓1(2) (V) =

2𝐹
arctan [𝑒𝑚(V−V0 ) ] ,
𝜋

where V0 is an arbitrary constant and 𝑚 ≡ 2𝜋√𝐴/𝐹.

𝑒𝑚(V−V0 )
1 + 𝑒2𝑚(V−V0 )

1/2
2𝜋
± 𝑖𝜖 {2𝐴 [1 − cos ( 𝑓1(2) (V))]} .
𝐹

1
+ ((𝜕V 𝜓) 𝜓 + 𝜓 (𝜕V 𝜓)) .
2

𝜕V 𝑓1(1) = ±𝑈 (𝑓1(1) ) ,

𝜓(2) (V) = 𝑖𝜖4√𝐴

(35)

(36)

Finally, it is worthy to comment that, by construction, this
(2)
fermionic solution has a trivial condensate, 𝜓 𝜓(2) = 0.
This could indicate a possible relation between the extended
superalgebra (with central charge and coordinate V) and other
two-dimensional supersymmetries. We shall return to this
point in our conclusions.

4. Concluding Comments
Initially, we have discussed the N = 2 supersymmetric
mechanics with one (real) central charge for the multiplet
(1, 2, 1). A prescription to obtain deformed N = 2 models
by central charge was developed. To establish this in a
superfield approach, we have introduced deformed covariant
derivatives, (6) and (7), which take into account the new
terms related to the central charge. As an application, we have
obtained a deformation of one-dimensional nonlinear sigma
model. Also, we have recast the particular nonlinear sigma
model of [45] and shown an equivalence between the two
prescriptions for the specific transformations given by (9).
However, we have noticed that an introduction of deformed
derivatives allows us to implement this extended supersymmetry in a simplest way, once we maintain the superfields,
and it is not necessary to decompose the Lagrangian in
components and add counter-terms to recover the supersymmetry. Bearing this in mind, we would like to point out
some possible subjects of investigations. In the context of
general nonlinear sigma model (with Riemann curvature),
one may add the torsion and generalized torsion terms
[57], namely, some couplings involving 2− and 4−form with
𝐷𝑋𝑖 𝐷𝑋𝑗 , 𝐷𝑋𝑖 𝐷𝑋𝑗 𝐷𝑋𝑘 𝐷𝑋𝑙 and its complex conjugations. A
deformation of these models could be obtained through the
following prescription proposed here: 𝐷 → D and 𝐷 →
D. It would be interesting to investigate the quantization
of these deformed models and possible new connections
between central charge and symmetries (e.g., duality and
mirror) or some restrictions to the manifold.
In the second part, we have considered an implementation of superalgebra (1)-(3) in two-dimensional field theory.
Among the lines discussed in the Introduction, a particular
point of view has been adopted here; namely, we have
introduced a new coordinate V and interpreted the central
charge as a momentum operator. With these assumptions,
the supersymmetric transformations are fully fixed, given by
(23)-(25), where 𝛿𝑍 = −𝑖𝜕V . This interpretation allowed us to
obtain a nontrivial fermionic solution through supersymmetric tranformations rather than solving directly the fermionic
equation of motion.
Finally, we point out some possible investigations related
to this supersymmetry in two dimensions. First, in order to
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accommodate charged matter and gauge fields, one could
analyze the introduction of other multiplets, such as complex
bosonic (fermionic) scalars and vectors superfields. Moreover, the connection between this superalgebra and other
two-dimensional (Poincaré) supersymmetries remains a subject of further investigation. In particular, one could study the
usual supersymmetry in two dimensions and redefine or drop
out some Lorentz (boost) generators. Remember that, in two
dimensions, it is possible to have a Majorana-Weyl fermion
and implement the heterotic (𝑝, 𝑞)−supersymmetries. This
perspective is based on the fact that the Majorana-Weyl
condition in two dimensions implies one degree of freedom
with a trivial condensate. In our context, we have also
obtained a similar situation for the fermionic solution 𝜓(2) (V).
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