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ABSTRACT: Long strings emerge in many Quantum Field Theories, for example as vortices
in Abelian Higgs theories, or flux tubes in Yang-Mills theories. The actions of such objects
can be expanded in the number of derivatives, around a long straight string solution.
This corresponds to the expansion of energy levels in powers of 1/L, with L the length
of the string. Doing so reveals that the first few terms in the expansions are universal,
and only from a certain term do they become dependent on the originating field theory.
Such classifications have been made before for bosonic strings. In this work we expand
upon that and classify also strings with fermionic degrees of freedom, where the string
breaks D = 4, N = 1 SUSY completely. An example is the confining string in N = 1
SYM theory. We find a general method for generating supersymmetric action terms from
their bosonic counterparts, as well as new fermionic terms which do not exist in the non-
supersymmetric case. These terms lead to energy corrections at a lower order in 1/L than
in the bosonic case.
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1 Introduction

String-like objects appear in many quantum field theories, such as flux tubes in quantum

chromodynamics (QCD), vortices such as the Nielsen-Olesen strings in the 4d Abelian

Higgs model [2], and domain walls in 3d theories such as the Ising model. Their appear-

ance in QCD, as visible through the spectrum of mesons (and other hadrons), led to the

development of the Veneziano model [1] and ultimately to the development of string theory.

A straight string is a 2d object which breaks the ISO(D — 1,1) symmetry of the
D-dimensional bulk into an ISO(1,1) x SO(D — 2) symmetry group, leading to (D —2)
massless modes of excitation, known as the Nambu-Goldstone Bosons, or NGBs. These



massless excitations define the low-energy behavior of the string, and we can compute their
energy levels expanded in powers of 1/L, where L is the length of the string.

Naively, one might think that the actions computed for string-like objects in different
QFTs are dependent on the underlying theory. However, as reviewed by Aharony and
Komargodski [3], the first few terms in the expansion — up to and including order of 1/L5
— are universal, and only the higher order terms are dependent on the theory. This was
shown in 3 different formalisms:

1. The general case, in which there is no gauge fixing, and allowed terms in the action
must preserve both Lorentz symmetry and diffeomorphism.

2. The unitary (“static”) gauge in which the parameterization of the world-sheet of the
string (“diffeomorphism”) is fixed and the Lorentz group is broken manifestly. In this
formalism, the action can be expanded by the number of derivatives — corresponding
to the 1/L expansion of the energy levels — constrained by Lorentz symmetries. In
this formalism, it was shown that for D > 3 classical Lorentz invariance allows
a six-derivative term, but its presence modifies the form of the generators (while
higher-derivative allowed terms do not); and then quantum considerations show that
its value is actually fixed.

3. The orthogonal (“conformal”) gauge in which diffeomorphism is fixed up to conformal
transformations and Lorentz symmetry is maintained. In this formalism, the action
is constrained by conformal invariance.

This work aims at generalizing the results of Aharony and Komargodski to the case of
Supersymmetry (SUSY), specifically D = 4, N = 1 SUSY. In a supersymmetric theory,
a string may break D = 4, N = 1 SUSY either completely, or partially into D = 2,
N = (2,0), as was shown by Hughes and Polchinski [4]. The breaking of SUSY generators
adds massless fermionic modes of excitation, known as Goldstinos. The action can then be
written as a functional of the NGBs and Goldstinos, and expanded as in the fully bosonic
case by the number of derivatives. For the two cases of complete and partial breaking
of SUSY, a complete classification of action terms has yet to be made. In the scope of
this work we will only explore the case of complete SUSY breaking, which is relevant in
particular for confining strings in supersymmetric Yang-Mills theory, and it is the main
goal of this work to classify action terms for this case. As a final step, we will calculate the
form of the energy level correction for a closed string on a circle, arising from the lowest
order new term we find, so that our results can be verified by lattice simulations at some
later point.

The outline of this paper is as follows. In the next section we review well established
results, as well as notations and definitions we will use, and eventually a graphical approach,
originally presented by Gliozzi and Meineri [9], to find invariant actions for bosonic effective
strings. In section 3 we extend this approach to include Goldstinos, and in section 4 we
use the extended approach to find invariant actions for SUSY breaking effective strings,
including a new term at order 1/L°. In section 5 we formulate prohibition rules which
show that our list of invariant actions is indeed exhaustive, and in section 6 we derive the



energy corrections that follow from our new term. Finally we discuss our results and draw
some conclusions.

2 Review

2.1 Bosonic effective strings

Consider some gapped D-dimensional quantum field theory with a string-like field config-
uration, so that its width is much smaller than its length. Such a configuration could be
either open, closed, infinite or semi-infinite. We define this configuration by the space-time
coordinates of its worldsheet X* (00, al), where 00, ¢! are some parameterization of the
worldsheet and © = 0,..., D — 1. The physics can’t depend on the parameterization. The

effective string action is the low energy action of the massless modes on the worldsheet
S = T/dQO'[, [(X# (00,01)} (2.1)

where T is the string tension. This general formalism is the first case referred to in the
introduction.

The static gauge is where we fix 0° = X° and 0! = X'. When working in this gauge
we will denote these £V, ¢! to avoid ambiguity. In this gauge the NGBs are given by the
transverse coordinates X for i = 2,..., D — 1. In this formalism effective string action is

S=T / d*EL (0.X",0,0,X7, .. ) (2.2)

where a,b = 0,1. There is no X dependence with no derivatives due to translational
invariance. For simplicity, we will work mainly in this formalism, and generalize our results
whenever possible. We will use letters from the beginning of the Latin alphabet such as
a,b,c,d,... to denote the worldsheet indices 0, 1, and letters from the middle of the Latin
alphabet such as 7, 7, k,... to denote the transverse indices 2,...,D — 1.

The gauge choice (2.2) breaks the space-time symmetry ISO(D — 1,1) by choosing
a preferred direction in space. ISO(D — 1,1) is the Poincaré group which is the group
that preserves the Minkowski metric which we define as 7, = diag(—1,1,...,1). It is
generated by

J =i (2,0, — 2,0,) (2.3)
P,=10,.
It is broken into ISO(1,1) x SO(D —2), where ISO(1, 1) is the symmetry on the worldsheet,
which preserves the metric 74, and is generated by J,, and P,; and SO(D — 2) is the

symmetry of rotations around the string and is generated by .J;;. The remaining generators
P; and J,; are broken. By acting with J,; on the fields X7 we get

0X7 = je™ [Jaiy Xj] = _Eai(sij&L - 6ai)(iaa)(j (25)

which is a non-linear realization of these generators.



When working in the static gauge, we will often work in light-cone coordinates
F=g"+¢. (2.6)

A well known result in String theory is that the action of a string is proportional to
the area of its worldsheet. This result can be expressed using the embedded metric on the
string

Gab = n,uuaaX“abXV (27)

which in static gauge can be expressed as
Gab = Mab + 8aXiain = Nab + hab: (28)

and the Nambu-Goto (NG) action equal to the area of the worldsheet

Sng = =T d20'\/ —det (gap)- (2.9)

The NG action is highly non-linear. In the context of the effective string, we can work
with it by expanding in terms of derivatives 0 around the flat string solution of the static
gauge. The determinant is given by

—det (gab) = —det (nab + hab) =1+ nabhab — det (hab) ==
. 1 . . . 1 , .
=140, X0 X"~ S, X'0" X' X' X" + 2 (0.X'9°X")’ (2.10)

and we get

1 . 1 , . . 1 . ,
Sng = —T/dza <1+28aX’8“X’—48aX18bX18bX’8“X’+8 (&ZX@“XZ)Q—H’) (86)> .
(2.11)
This expansion is meaningful under the assumption of a long string of length scale
L. We can then define a small dimensionless parameter (\/TL)f1 and expand the energy
levels of the string in terms of this parameter. This expansion will take the form

(1) (2) (3)

A, Qnp, Qan,
E,=TL+ = —n
" + L TL3 + T2L5

T (2.12)

Where the term at order L% corresponds to the terms in the action at order 9**1.
For the NG action, there is a known exact result for the energy levels of closed strings with
no worldsheet momentum [10]

s D -2
Ep=TLy|14+ —— (n— =22, 2.1
n \/+TL2 (" 24 > (2.13)




2.2 Supersymmetry

Supersymmetry (SUSY) is an extension of the Poincaré algebra to include fermionic gen-
erators. The simplest (N = 1) super-Poincaré generators can be written in D = 4 as a

single Majorana spinor
_ _\T
Q= (Ql Q2 Qy —Qi> (2.14)
with the following algebra

{Q,Q} = —2iry*P,
[Q.P]=0 (2.15)
[Qv J,ul/] = iUMVQ

where v# are the Dirac gamma matrices satisfying {y*,7"} = 2n**, @Q is obtained from Q
using the charge conjugation operator C' = iy%y? such that

Q=-Q7C= (-0 @1 Q; @) (2.16)
and ;
Oy =7 (Vi Vo] - (2.17)

We will generally use letters from the beginning of the Greek alphabet to denote the
Majorana spinor indices such as in Qa,vgﬂ where «,(3,--- = 1,2,3,4. This symmetry
can be realized by introducing a new anti-commuting space-time set of coordinates 6,
such that

0
Ou, 08} = 0B, On = — . 2.18
{0,038} = dap a0, (2.18)
We will take this to be a Majorana spinor, such that
_ _\T

0= (61 020, ;) (2.19)
6= —6"C = (6,60, 0; 0). (2.20)

Then we can express the super-Poincaré generators in the superspace {x*,0,}
J =1 (X0, — X,0u) + 04 (auy)aﬁ 0p (2.21)
Qa = —i0a + 755050, (2.22)
P, =1i0,. (2.23)

2.3 Fermionic effective strings

Much like the breaking of commuting symmetry operators results in the introduction of
massless Nambu-Goldstone bosons, Akulov and Volkov showed [6] that the breaking of anti-
commuting generators introduces massless fermions, which were later termed Goldstinos.
In an N =1, D = 4 bulk, a string may break either all, or half of the 4 SUSY generators.
Clearly the generators which square to translations transverse to the string must be broken.
In this work we will focus on the case were all generators are broken. As in the bosonic case,



the coordinates which correspond to the broken generators become a field configuration
which we will denote with the massless Majorana spinor %, and the effective string action
is the action of the massless modes on the worldsheet

S = T/dz(fﬁ [X“ (00,01) , Vo (00,01)} . (2.24)

The generalization of the Nambu-Goto action (2.9) to the supersymmetric case is obtained
by replacing
Dg XM — TIH = 9, XM — iy 0,0 (2.25)

to get the Akulov-Volkov action

Sav =-T / d20\/ — det (1, IT51IY). (2.26)

When expanding this, dimensional analysis shows that terms of the form 9% X™?" con-
tribute at order L=*""*1 5o we will denote the free term i)y 91 ~ O (82) and the rest
of the terms accordingly. The AV action can then be expanded as

Sav = —T / d*o (1 + %aaxiaaxi —~ % (A?E + Ali) +0 (83)> (2.27)

where
Agd = iaaaawa - i@baaaad . (2'28)

This implies the equations of motion
O Y1+ 0(0°) =0-¢j+0(8%) =044+ 0 (8°) = 0445+ 0 (8°) = 0. (2.29)
2.4 Classification of the action of bosonic strings

In their 2013 review of bosonic effective strings, Aharony and Komargodski (AK) classify
the action terms by their scale (which they refer to as weight). The scale of a term is
its dimension of length™!, such that 9,X* has scale 0, 9,0, X* has scale 1, and so on.
Translational invariance guarantees that all terms in the action have non-negative scale.
For bosonic strings, ISO(1, 1) x SO(D —2) and parity invariance (that we assume) guarantee
that all terms have even scale. AK then show that there is a unique invariant action at
scale zero, which is the Nambu-Goto action (2.9). At scale 2, AK find a single term which
is invariant up to a term proportional to the EOM, with 6 derivatives and 4 fields

Lo4=—32cs (07 X'02X") (04 X70_X7) + ..., (2.30)

which can be shown to be forbidden quantum mechanically since it modifies the algebra
of Lorentz transformations [7], which can lead to anomalies (terms whose variation is
proportional to the EOM can be made invariant by changing the transformation rule, but
this can modify the algebra). The next allowed terms are of scale 4, and have at least 8
derivatives. The existence of 8 derivatives implies that those terms contribute to the 1/L
expansion of the energy levels at order of at least 1/L7, so that the coefficients up to and
including order of 1/L5 are universal. Aharony and Klinghoffer [8] calculated how the first
few terms of the NG action appear in the energy level expansion, as well as the effect of
the »66,4 term.



2.5 Gliozzi-Meineri (GM) approach for classifying bosonic string action terms

In their 2013 Paper [9], Gliozzi and Meineri (GM) present a useful graphical approach
to finding invariant terms for the action of a bosonic string. They associate terms with
graphs, where the vertices are the fields X? and their derivatives, and the edges represent
contractions over indices. Since we have 2 types of indices — worldsheet indices denoted
a,b,c,... and transverse indices denoted by 4,7, k,... — we also have 2 types of edges.
Worldsheet indices will be represented by solid lines, and transverse indices will be rep-
resented by wavy lines. The term 9,X? will be represented by a circular node (slightly
changing GM notation) with 2 open edges

D X' = WWO— (2.31)

So that scale 0 terms can be represented as sums and products of ring graphs, so for
example 0,X'0°X?, 0,X'0°X79,X70*X* and a ring with 2n 0X’s will be represented and
denoted as

O 211_

Azn (2.32)

correspondingly. General terms in the action are products of such rings. GM write the
broken infinitesimal Lorentz transformations in a covariant form

6X' = —€¥§9¢, — I X19,X" (2.33)
5 (0pX") = —€"96" 0, — €0, X7 0, X" — € X7 0,0, X" . (2.34)

Eq. (2.34) can be expressed graphically as

5 WO—— — — WwwW\@— — WWO—@WWO—— (2.35)

where the solid circles represent the transformation parameter €, the vertex X represents
X7, and the vertex which is connected to 3 edges is simply 9,0,X . Using this transforma-
tion rule, one can transform the ring Ay, which has 2n vertices of the form 9,X* (we will
refer to these as boson vertices) and express it graphically as

X
A2 S5 Zonon —on- 2042 — 20 - 2n . (2.36)

We can cancel the first two terms in the variation by summing rings such that one
variation from the ring Ao, will cancel the other from the ring Ao, 2. This gives a recursion
relation for the coefficients of the rings

1
(2n + 2) aon4+2 = —2nas, = Qon, = (_1)n+1 gag . (2.37)



Summing this series we get

g agn Az = ag g (—1)”+1 %Tr [(aaXiain)" an} = asTr [log ((Uab-i-aaX-@bX) nbc)} _

= ag log [— det (Ngp+hap)] = a2 log (—g) (2.38)

where g = det (gqp). This summation cancels all variations which come out of those two
terms except for the variation

(2.39)

We can now consider a sum of terms of the form by, [log (—g)]”. The nth order in this sum
contains products of n rings, and in fact every n ring term is contained in it. Looking at
the third term in the variation (2.36), we see that it has a “tumor” stemming from the
ring. Such a tumor can be handled using integration by parts of the derivative from which
the tumor stems. This will move the tumor around the ring, so that we get

X
2n
on -\ 2n =— | An S + total derivative. (2.40)

So for a product of n rings we can cancel this variation using the surviving Ao variation
from a product of n + 1 rings. For this cancellation we require

1 1
—b, = b,=
2(n4+1)" " onp)

bn+1 = bo (241)

and we get a unique invariant scale 0 Lagrangian

e}

Lo=m> [ 3lost-0)] =t (2.42)

n=0

Which is exactly the NG Lagrangian. GM extend this approach for higher scaling.
They obtain two scale 2 invariants

I = /=992, X;0%, Xt go¢ g (2.43)
I = /=02, Xi0%, Xt g* g (2.44)

where
gab — nab . nachcdndb + nachcdndehefnfb - (245)

is the matrix inverse of gu;, and
t9 =69 — 9, X 0, X7 g%, (2.46)

However, looking at the invariants I;, Is one may observe that I — Iy = /—gR where R is
the 2D Ricci scalar. This is a total derivative so it does not contribute to the action. Also,



the first terms of I, up to eight derivatives, are proportional to the free EOM and hence
are vanishing at the six-derivative order. This shows there are no contributing invariants
at the six-derivative order. This approach does not find the term (2.30) since this term is
only invariant up to the EOM.

GM proceed to apply this method to find higher scale invariants which will be discussed
in section 4.

3 Extending the GM approach to include Goldstinos

To extend the GM approach to include Goldstinos, we need to look at the broken super-
symmetry transformations on the string. The broken generators are

Toi = i (Xa0i — Xi04) + 0% (00) 05 (3.1)
Qo = —i04 + ’Yggwﬁau (3:2)

so that the transformations can be written as

OXT = —e§U¢, — e X9, X7 + i?%fww + 10"y 5" 0 X (3.3)
S = ey (aai)f — € X;0,9° +0°CL +i0" 2 17 0,0° (3.4)

507 = 600 =~ (04)F — € X000, +8” + 07V W 0.4°C, . (3.5)

We can write any fermionic effective string action using the following vertices

Do X' = MWWO— (3.6)
Dup® = TO-)—— (3.7)
Ppg = — 1w~ (3.8)
Ples = WwWY T~ (3.9)

and their derivatives. In the above we used springs to express spinor indices. The trans-
formation laws of these vertices can be written as

30pX7 = =€ 600y —€" 0, X 0a X7 =€ X 0006 X7 +i0" 7], 5 050)" +i0" 72 01" 00 X7 +i0" 751" 00 00 X7

(3.10)
50p)” = i€ (00i) L O™ —€" 0y X0t —€** X;04 000" +i0° v, 051" 0at)” +i0" 75, 10" 00 Op1)” (3.11)
58 b = —ie" YA g (0ai) —€ Pyl 0 — € Xi800)” (va) +0" Yoy 10" vas 1’ 0at)” (Cv")
By By
(3.12)

5@’8ng = —ie“i@a’yiﬁ (aai)i—l—e“i@a'ygvég—eaiXiaadJﬂ (Cyj)B7+§“viw+i§a735¢58aw’3 (C’Yb)B (3.13)

~



or in graphical representation

§ WWO— =- WWe— - WWO—WWO—
+i WWTD-()—— +i WO—@T~)—— (3.14)
(G X
§ TO-O)— = § TW-)—@TW-)— _ o) — W O——
(G X
+z’.ﬁ— —.m%\&— (3.15)
+ o-term
§ — - = — @O — — W) TTo~
O—@T>) Oc—@WW Y
+1i \%Vm - \i%vm\ (3.16)
+ o-term
5 WWYTO~ =  AWWETD- 4+ MW@—") T
O @Y O ®WwW X
i MWYY oo~ — m’m (3.17)
+ o-term

where the o-terms are different terms which involves o,; matrices, we used solid circles to
represent transformation parameters, such that

= WWe— (3.18)
07yss = — @™ (3.19)
0%yl = WWETD (3.20)

and we introduced 3-legged vertices and single legged vertices to represent double deriva-
tives, the matrices Cy and either X or ¢. We will refer to diagrams containing single
legged vertices as “tumor diagrams”.

4 Finding invariant terms in the unitary gauge

To find invariant terms, we will begin by eliminating the o-terms and tumors from the
transformations. To eliminate o-terms, we note that we must only look at fermion bilinears.
Noting that fermion bilinears with no derivatives will generate a Goldstino mass term which
we know is forbidden, we can construct the following bilinears at scale zero

W Lo’ =i WwwYTo-)— = WWES—— (4.1)
W L0 =i V-0 = >

~10 -



These eliminate the o-terms which appear both in the variations of the v vertex and the
0 vertex with opposite signs as can be seen from (3.11), (3.12) and (3.13). We also define
transformation terms

0" g0 =i WWETD-)— = WW—— (4.3)
07y 500" = i @) = —Pp—

so that the transformations laws become

5 WWES—  — wWipr— | W S——
+ We—>— _ W >—@WWO— (4.5)
+ X — tumor + ¢ — tumor

5 = = > + >

. —eww{> _ > eWWO— (4.6)

+ X — tumor + ¥ — tumor

5 WO— = WWipb—— L WwWO—Pp—
- WWe—— — WWO——O@WWO— (4.7)
+ X — tumor + ¢ — tumor.

Note that the variations with a solid boson vertex are due to Lorentz transformations,
and the variations with a solid fermion vertex are due to SUSY transformations. As in
the bosonic case, we can dispose of tumors through integration by parts, at the price of
enlarging the number of disconnected pieces of a term by 1, where the added disconnected
piece for the X and v -tumors are

: (4.8)

correspondingly. We will use this fact to examine fully connected terms, ignoring tumors,
and then reinstate the tumors to sum up terms with multiple disconnected pieces.

4.1 Scale 0

Since the vertices defined above all have scale zero and two legs, we can build scale zero
invariants from them using rings, similarly to what we have seen in the bosonic case. As
in the bosonic case, we will start with a single ring, and for each (non-tumor) term in its
variation find a new ring which can cancel it, and then repeat this process with any new
rings we find, until all terms are canceled. We will consider a general ring which has n

- 11 -



worldsheet edges (n > 1), and cut all of them. The possible terms we could have between
worldsheet edges and their variations are

b OMWO = - —OWe— - —OWWe—OWWO—— +

+ —OwWPpr— | —OWWO—P»>—— {transposed (4.9)

5 > = > + >—p +
- —WW{> - >—@WWO—— (4.10)
5 —OoOwWwW>— — —Owwpr——  —eww{>—— |

(4.11)
§ —<wwi> = <tvwwi> - <4+—wis>——
+ —F—owi>—  —w>—ewwO—
+transposed (4.12)

we will separate these to variations which preserve n, and variations which take n — n+1.
The variations which preserve n are

5, —OWO— =_- —OWWe@—— + —OwWWpr—— + transposed
(4.13)
On B = > - oW >—— (4.14)
o —OWSS— — —OWwWPpr— _ —owwi>—
+ —wi>— (4.15)
6 T = WI>—— | transposed (4.16)

we can cancel most of these by looking at the combination vertex

—— = —OoWwwWOo— - —Oww>— _ —<wWwWO—  (4.17)
- —— - <l + <wwi>——o

and the ring A,, which is just n combination vertices connected to a ring. The combination
vertex leaves only the variations

6, —+— =—- —OWWe@— — —P—— | transposed. (4.18)

- 12 —



Now, looking at the variations that take n — n + 1 we have

Opp1 —OWWO—— = — OWe——OWWO—— + —OWWO—Pp——
+transposed (4.19)
Oni1 = = >—p - >—eWWO— (4.20)

by ——OWWES— — —OWWS—P> + OWW@—>——
+ —4—OoOW>— _ —OWW S —eWWO——

_ OWW——OWW>—— (4.21)
Oppr ——WW> = <4+—ww> + <F—ovwi>—-o
- —<IWWS>—@WWO—— L transposed (4.22)

these include almost all combinations of terms from (4.17) and transformations from (4.18),
which means we can cancel most of the n — n + 1 transformations of rings with n terms
using n preserving transformations of rings with n+1 terms, exactly as we did in the boson
case, taking

1
(20 +2) anp1 = —2na, =  ap=(—1)"""=ay (4.23)
n

as the coefficient of the ring A,,. Note that as in the boson case there is no need to cancel
the n preserving transformations for A; since it is a total derivative. This leaves us with 2
yet to be canceled terms:

e A single combination not represented in the n — n+1 transformations —+—¥%»—

e A single n — n+ 1 transformation which cannot be expressed as such a combination

—r—eoww{>——

To fix the first problem, we take note that the only term that can produce this transforma-

tion is <l > . No other term can cancel it. To avoid this problem we will

exclude it completely, by adding a canceling term into the definition of the combination

vertex
O = OMWWO - —Oowir— . —<wWwWwWwO——
— > — <] + <pww{> +a <+—> .
(4.24)
One can check that in order to cancel the < > transformation from the
<] > in A,, with that transformation from the combinations of —1>——
and —<F— in An+1, taking into account their respectable coefficients, we should
take o = 1. We now need to also include the variations of < > which are
) <> = <> + T +
<—T—e—70 <—owWwwW{>——
- < 1> @, - < .
(4.25)

~13 -



The first 3 transformations here are automatically dropped since all terms including

< > were excluded. We are left with the last transformation, but this

is exactly the last transformation we could not cancel before, and it is now canceled! This
means we have constructed an invariant using A, rings in exactly the same way we have
in the boson case, with the switch

—OwWWO — 0 (4.26)
switching back from the diagrammatic notation, this means
0. X'0pX" = 0. X" 0pX" — 10400 — itp70a) — V)Y 0t Op X" — ity O 0a X'+
— (7' 0at)) 7' Optp = Thea (V7 Bah) Py Bt (4.27)
(where the spinor indices are contracted between adjacent @ls and v’s), or alternatively
OaX 0, X, = Nap + 0. X' 0, X" —
= b + 0a X 0 X" — iVpYaOpt) — ihat) — 17 DatpOp X" — i Oyp0a X" +
— (7' 0a0) ' Ot — ea (0 Bat) Py O = (4.28)
= 0uX"0p X, — 0a X" ithy, 0000 — ity 0atp0p Xy — (" 0at)) Uy Opth =
= (0a X" — itpy"0a1p) (86X, — ithy0p1))

and we get the invariant scale zero action

So = —co / a2/~ det [(0,X7 — i1 0u1) (X, — 107,00)] = —co / 26/ =g (4.20)

which is exactly the Akulov-Volkov action with

g = det gap (4.30)
gab = (0a X" — ipy"0,0) (0o Xy — 107, 0500) = Nap + hap (4.31)
hap = 0o X' 0y X" — ihyaOpth — 10 yp0ath — 10y 0g0Op X" — i0py' Optp 0, X'+

— (V7' 0av) VY Opt) — e (VY°0at)) Yy Ot (4.32)

and we have g% the matrix inverse of g
gab — 77OLb _ nachcdndb + nachcdndehefnfb - (433)

We can see that this method is exhaustive since up to the overall ¢q it fixes the coefficients

of all possible terms.

4.2 Scale 1

In order to find a scale one invariant action, we first list all possible independent scale one
vertices, which are

8aain7 @,Yiaaabw’ E"}/Caaabwa aaaab'@b‘ (434)
Since we can only include one such vertex in our action, all 3-legged vertices are excluded,
and the only one we can use is 9,10 in ring topology, where all other terms are scale
zero. However this vertex is antisymmetric in the indices (a,b), while the rest of the ring
is symmetric, and so the scale 1 action is dropped.
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4.3 Scale 2

There are several ways to construct scale two invariants: either with two scale one vertices,
or with a single scale two vertex. The scale one vertices are listed in (4.34). and we can
either use 3-leeged vertices in “©” or “dumbbell” topologies as shown below, or two copies
of the 2-legged vertex 0,90y in a ring topology.

—~ oo

© topology Dumbbell topology .
The possible independent scale two vertices are
0a000c X", DathO0tp, Yy BabOctp, Yy 0aBhOct . (4.35)

Excluding the 3-legged vertex 0,10,0.1 we are left with three 4-legged vertices which can
be used in an “8” topology.

4.3.1 Ring topology

A ring topology invariant can be obtained by placing two 9,100y% vertices in a ring. We
will first give this vertex a diagrammatic representation

10,00y = <> : (4.36)

The variation for this vertex is

_ —(—ewo— _ —Oowwe—()— (4.37)

+ tumors.

Looking back at our calculation for the scale zero term, we see immediately that
this vertex has no n preserving variations, and that its n — n + 1 variations fit right

into our cancellation scheme for —F—— vertices, without allowing for the excluded
1~

<1 . Looking at the ring By, (k+ ¢ =n — 2 > 0) which is
14 /<>‘o\
_ b d
\0\B<>M/ — 9GO (h’“) GO (h’f) (4.38)
k (& a
where (hk )i is the matrix hl; = nP@hg. taken to the kth power, we see that its variation can

be canceled by the variations of By ¢ and By, ¢41. Taking the sum so that the variations
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cancel we have

i (_1)k+£ RN (hk)bcaciaaﬂﬁ (he)

k=0

d
a
d

— 00wy ((—h)’“)bca%dw 3 (=n)') = (4.39)
k=0 £=0

= ogone (e ) oo (14 m) )’ =
= B0 0TOtg"

Taking tumors into account means that this term must be multiplied by the scale zero
invariant y/—g, and we get the scale two ring invariant

L5 = ¢o\/— g0 POy Dtp g g™ (4.40)

we can generalize this in a similar manner to what Gliozzi and Meineri did to obtain high
scaling invariants. To do so, we define seed graphs, which are minimal connected graphs in
the sense that they cannot be reduced to a non-trivial graph by erasing scale zero chains
and connecting their edges together, and have no fermion vertices which can be reduced
to boson vertices with the same scale and leg structure. The scale two ring topology seed
graph is

(4.41)

Given a seed graph, for each worldsheet edge n, if the vertices connected to it have
a variation structure like the one in (4.37), we can replace 7% — ¢ to eliminate the
non-tumor variations, and multiply by /—g to eliminate tumors.

4.3.2 O and dumbbell topologies

These invariants are created using two 3-legged scale one vertices, which are 0,0,X°,
i)Y 0 0p1), 1Py 0aOptp. We will use the following graphical representations for them

I

and their variations
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ol
=
e e

‘ > ‘ + tumors.
(4.45)
Where in the last vertex it’s important to note that we use an isosceles triangle, so
that the two derivative legs behave differently than the v leg. Looking at the first line
in every variation, we see the exact same structure we saw for the ring topology, so these
variations can be eliminated by replacing n% — ¢® on seed graphs in which worldsheet
legs of scale one vertices are connected together. The seed graphs we can construct using

these vertices are

e O topology

e
®7 @ (4.46)

e Dumbbell topology

Most of these seed graphs can be easily eliminated as candidates for invariants, since they

17 -



have variations which cannot be canceled, such as

C—<J.

In fact, it is easy to check that each of these graphs with either a single scale-0 boson not
connected to the ~ leg of a scale-2 fermion, or a scale-2 fermion not connected by its v leg
to a scale-0 boson, will have such a variation. This leaves us with the following seed graphs

= T
Cowwc ), Cr—owJ.

However, these seed graphs are not independent, since both graphs in each line of (4.48)
appear in the same cancellation flow. We can define a new scale-2 fermion-boson vertex

WWQ—E{ (4.49)

and include such vertices as fermion vertices in our definition for seed graphs, leaving us
with exactly 2 seed graphs we can create an invariant out of

ﬁ, Cowwc ). (4.50)

These are in fact exactly the same seed graphs GM used to create scale-2 invariants in the
bosonic case. To make the invariants in our case, we need to eliminate all the variations.
The variations on the derivative edges are eliminated by the exchange of the embedded
metric. To eliminate the variations on the transverse edge, we look at all the legal chains
between the scale one vertex and the first transverse edge. Those legal chains have to be
made out of —1>—— terms, which must be directed into the scale one vertex, since
back-to-back fermions connected by a worldsheet vertex are forbidden. So we have the
following chains

e m wer e

We can take a sum of these so that all variations which appear between the scale one
vertex and the first transverse edge are canceled, by defining the scale one combination
vertex

i e iS5 e i)

=0,0 X ' —i1py 0,0yt — 8 L X~y 801# 5d+zmcadw up’yd@ o p=C",. (4.52)
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Replacing the scale one boson vertices with these combination vertices, we get that
there are still variations on the transverse edge. To eliminate these we sum up all the ways
the two combination vertices can connect. This is either directly through the transverse
edge, or the transverse edge can be terminated on both ends either by a boson vertex or
a fermion vertex, and these connect through a scale zero chain with worldsheet edges on
each side. This is equivalent to making a similar replacement to the one GM do for the
boson case

50— 41 = 11 — (0,X" — iy Dup) g (DX — i D) . (4.53)

Thus eliminating the rest of the variations. To conclude, scale two invariants are obtained
by looking at scale two seed graphs and performing the following moves

1. Replacing 7% — ¢% on worldsheet edges

2. Replacing the scale one vertices '\/\/\/\/\< — w@<

3. Replacing 6 — t¥ on transverse edges
Where in these topologies we get the invariants

Iy = \/=gCit7 C g g (4.54)
I, = \/—gC’;btijC[ng“bng. (4.55)
Here, as in the bosonic case, I is proportional to the EOM up to O (06). We have not

checked if Iy — I5 is a total derivative to any order, but at least up to O (86) it is. Thus,
there are no new corrections to the fermionic string energy levels up to this order.

4.3.3 8 topology

Creating an 8 topology invariant requires using a single 4-legged scale two vertex, which
can be either 9,0,0. X%, ¥¥'0,0,0:1 or %daaabacw. The available seed graphs are

) o .

where the third, with the vertex 1y0,0,0.1, is included in the chain obtained from
0,0p0.X". Both graphs have variations which cannot be canceled

¢ YO @ (4.57)

so an 8 topology invariant is excluded.
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4.4 Higher scaling

The number of invariants proliferates rapidly as the scaling increases, since the number of
different vertices available and the number of different topologies both increase. We can
generalize the vertices we have introduce into three types of higher scaling vertices

e 9" X" at scaling n — 1 and with n + 1 legs
o 19" at scaling n — 1 and with n + 1 legs
o 0Mp0™) at scaling m 4+ n — 1 and with m + n legs

From their transformation laws, it is easy to see that the first two types are highly related.
In fact, for any bosonic invariant that we can create using just the first type of vertices,
we can generate a corresponding supersymmetric invariant by replacing the high scaling
bosonic vertices with the appropriate combination vertices like we did in the last section

O X1 O X iy O b= (X =iy D) (654 D) iy O 0 b = C

(4.58)

GM formulate the generation of higher scaling bosonic invariants by looking at the
variation of the scaling n — 1 vertex (n > 1)

5 (9 . X)) = —€ (abxiagl‘,,anxj + Z 8akaé’£a1...ak,lakﬂ...anX" +
k

+> 02 XTI, o arsar e X | (4.59)
kL

Where the first two terms add a scale zero vertex on each on the legs, and are canceled
by the moves n% — ¢, § — tY as we have seen in the previous section. The third term
has a scale n — 2 vertex connected to a scale 1 vertex so it can only be canceled by terms
containing such vertices, the fourth has a scale n — 3 vertex connected to a scale 3 vertex
and so on. We can cancel these terms by defining a sort of covariant derivative. GM define
this for the scale 2 term

abc

83, X1 — V3, X' = 03, X' — (agbxj 04X78% X' g% + cyclic permutations of abc) (4.60)

so that
§ (V3 X7") = —¥ <abxiagl..,%xj +) aakxjag‘al...ak_lak+l...anxi> (4.61)
k

which can be generalized to the n-th derivative with

n i __ an
val---anX - 8(11"'(177,

X' (6"71 1Xjﬁij862%Xigbc—i-cyclic permutations of a; ... an> +

A1+ Qpy—
— (agl—.?an#Xjaijag’anflanX"gbchcyclic permutations of aj ... an) +...
(4.62)
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We can generalize this for the supersymmetric case by noting that

0 .0 X' = —€ (abxiagl,,,anxj + Z 8aka8£21...ak,lakﬂ...anX"

k
2 j qn—1 ]
+ Z 6akalXjagbal"'ak—lak+1"'al—lal+1 ----- anXl e
k,l
+i0 (viasl...%w +" Y Oar Vs yarssean X T (4.63)
k

b 2 n—1 %
+’y Z 8akal¢abal"'ak—lak+1"’al—1al+1 ...... anX + et
k,l

where the first two terms of the ¢ variation are canceled by the move 9y, .., X R C’le,“an,

and the following terms can be canceled by generalizing the above covariant derivative to
the supersymmetric case such that

Vﬁl-.-anXi _ a;zlmanXi_ (821_,}%71XjaijaganXigbc"'cyChC permutations of ay ... an> +
_ (3(71_.?@”_2Xjaij8§an_1anXigbc+CyChC permutations of ay ... an) +...
— (i@%agan¢8g;?an72 X'g"+eyclic permutations of aj . .. an> + (4.64)
_ (i@vb&‘{fa%mn¢3glf.?an,3Xigbc+CYC1iC permutations of a; ... an) +...

and similarly for derivatives acting on fermions where

5 (1O o ) = —ie” <mi3b¢331~~an X7+ Z Ou, X@viaﬁzl---akflam---anw +
k

n

2 i ign—1
+ Z aakalijfylagal'"ak71ak+1"'a171al+1 """ a w RIRERN e
k,l

+i0 (y‘agl,,,an;b +4b Z aakmﬁyia,?al...ak_lam..,an@b +
k

bai-ag_1ak41-a1-1a141 n

0 O Y B ey | (a65)
k,l
and a similar expression when replacing the transverse index ¢ with a worldsheet index c.
We get
Vo a, ¥ =04, .q, V— (81::1.1“%_21/}86Xi82n71anXigbc+cyclic permutations of aq ... an) +
(02, v0.X"0

bai - an— n—20n—10n

X'g*+cyclic permutations of a . . .an) +...
- (8&_1.1“%_2wi@'yc@gnilanl/}gbc—kcyclic permutations of aj ... an) + (4.66)

- (8&‘1%%73wi@'ycagniwnilanwgbc—l—cyclic permutations of a; .. .an)+. ..
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So we can get invariants by taking any bosonic seed graph, and acting on it with the
following moves

ab

1. Replacing 7 — g on worldsheet edges,

2. Replacing the bosonic vertices with combination vertices for n > 2, 8}}1,,,%Xi —
Di

ar-an?

3. Replacing 6 — t¥ on transverse edges,

where Dy .., 1is a combination vertex with higher derivatives replaced with covariant

derivatives

Dl =V X — iy VT b — (X — iy 0e)) (6 + 157 0ath) " iy VT b,

(4.67)
GM generate two scale 4 invariants
I3 = /=gt Tt 03 X 02, X7 02, X 0, X g g g g (4.68)
I, = \/*9V2chingngtijgaegbfgcg (4.69)
which we can use to generate the supersymmetric invariants
I3 = \/TQtijtklDéngdDIechéhghagbcgdegfg (4.70)
I = /=gDjy, D 17 g"g" g0 (4.71)

We are left with the term 0™1)0™), which is the only vertex which gives us non-
trivial supersymmetric invariants. First we note that it is antisymmetric, which means any
invariant we generate must have an even number of these vertices. Second, we note that
we can use the above argument for the variation of 9™ to show that given a seed graph
which contains such vertices, the above moves are sufficient to generate an invariant, along
with replacing 00" — V™)V, We will define a seed graph at scaling higher than
zero as a graph containing only boson and ™0™ vertices, which does not contain scale
zero vertices. The procedure for generating invariants at scale n will then be

1. Draw all seed graphs at this scale
2. Perform the above moves to generate an invariant

We can then generate two non-trivial scale 4 invariants

I = /=900y 002 p1bg g™ g7 (4.72)
Is = V/=g0a00up 02002 ;g 9" g7 (4.73)
as well as many higher scaling invariants. As in the scale zero case, this method is exhaus-

tive since up to the overall multiplicative constant it fixes the coefficients of all possible
terms.
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5 Exhaustiveness of the seed terms

To show that our list of invariants is exhaustive, we will formulate prohibition rules on the
form the seed terms are allowed to take. To do so, we first define the lowering and raising
variations under symmetry generators @ and J, such that

0Ly = E?—l + [,?+1 (5.1)
0jLg = E(j—l + ﬁid—o—l (5.2)

where f is the number of fermions and d is the number of derivatives in the term.
In the case of supercharges the lowering part Ejil is obtained by removal of one bare
fermion (fermion without any derivatives acting on it); in the Lorentz transformation case
to obtain the lowering part £§—1 we need to erase one 90X term from the initial £;. Let’s

call the bare fermion 1 and 0X — the lowering factor. If and only if a seed term contains
at least one lowering factor, its lowering variation isn’t zero.

5.1 First prohibition rule

Claim. If the seed term has two or more lowering factors it cannot be made invariant.

Note that we cannot add any terms with a higher number of fermions or derivatives
to cancel the lowering variation. Hence, the lowering variation should be either zero or a
total derivative.

Proof. Let’s start from the reverse. Assume we have the term with two lowering factors.
Now, let’s try to make its lowering variation a total derivative. For simplicity of notations
let’s assume that the two lowering factors are two bare fermions (the other two cases: one
bare 1) and one 0X or two X, are equivalent to this one).

Consider the most general form of the term with two bare fermions, where we have
explicitly emphasized two derivatives we’re going to use to make the lowering variation a
total derivative

Ly = ¢ 04 fOrgh, (5.3)
where f, g and h are any combinations of the fields and their derivatives. Consider its
lowering variations under Q®and Q”

S50 Ly = 17 0a fOpgh,
5C<2ﬂ£w = 20, fOpgh. (5.4)

Let’s make the first variation 55,1[,¢¢ a total derivative 9, (1/)5 fabgh). To do so we
need to add to the initial term L, other terms

L3 = 9°(0a9” fOhgh + 4 fOogh + 4 fOgDah). (5.5)
Generalizing this, we can make the variation 55a Ly Or 5&3 Ly a total derivative with

respect to J, or J, by adding one of the four terms E:((f)) to Ly, such that

Ogge (ﬁw + La(b)) = 0u)Nowy: 950 (sz + ﬁa(b)> = Bav) Ny (5.6)

where N& = 8 fO,gh is Lypwithout ¥ and 0,.
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It is crucial that we satisfy both of the variations simultaneously. Naively, one would
add to Ly one of the combinations £§ + L5 or Ly + ﬁg or L + L5 or Ly + L'g . However,
there is a problem that 6<a£a’8 1 # 0 and 5c<gﬁ£g(b) # 0. Let us consider the combination

Lyy + LS + L2 When we act on this term with 55a we get
05a(Lyy + L3+ L) = 0N + 050 Ll # OuF. (5.7)

But we can notice that 1% 655 Lo = ¢°55.LE. So we can subtract it from the action

and verify that the variation indeed gives a total derivative

050 (Lo + LY + LB —p*65a L) = 0aN§ + 65 L5 — 650 L5 = 0aN, (5.8)
O (L + LG + L3 = 9765:L8) = 0N +055L5 — 655L5 = 0uNG - (5.9)

So, both of the variations 55a and 55 5 of Loy +£3‘+£§ — P854 £2 are total derivatives.

However, this term by itself is a total derivative. Also, Ly + L5 + Ef and Ly, + Ly + ch
don’t work since 97 (555 LE P55, Ef . This concludes the proof.

This prohibition rule applied to two bare 1’s illuminates the fact that Goldstinos
cannot have a mass term.

5.2 Second prohibition rule

Claim. Any seed term which contains a factor of 10,0 ~ 10?941 cannot generate an
invariant chain.

Proof. The most general form of such terms is

Lyoy = VaO0aPaOphf (5.10)

where f should not contain bare .. Applying Q,to this term we find in the leading order
55a£¢aw = 0V Oph f . (5.11)

We can not make this variation a total derivative with respect to d,. Because then
we should add ¢ata (0% hf + 9,hdps) which is identically zero. We can try to make this
variation a total derivative with respect to Jp, Oy (0o hf) by adding

VaOalaOphf + VaO2bahf + 1a0stbahyf . (5.12)

This expression can be rewritten after integration by parts of the middle term and
then switching the order of fermions as:

aawa8b¢ahf . (513)

This term is either zero, if a = b, or is proportional to the EOM (2.29), if a # b, since
for any value of a = 1,1,2,2 one of the terms 9,1q or 9,40 will be proportional to the
EOM. This concludes the proof.
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5.3 Exhausting seeds up to scale 2

We first write all possible irreducible terms up to scale 2 with up to 3 indices

Scale —1: P, Yy, Yo'ep (5.14)
Scale 0: 10,1, Vy,0a0, Yo' 0q1p, 0, X" ( )
Scale 1: Oqdyt), Ouhy O, O™ Opth, Ogp X" (5.16)
Scale 2: 9,10y . (5.17)

Where we have ignored terms which can be eliminated using integration by parts. For
example, on scale 1 we can write the term 19,051, but when we consider 19,0, F for any
F, we can integrate by parts to get —0,90,F — 0yp0,F, so it is enough to consider the
scale 1 term 9,10y and scale 0 term 10y.

Any possible term can be obtained by multiplying some combination of irreducible
terms. Note that we are uninterested in purely bosonic terms, since they were consid-
ered in previous papers and it was shown that the first allowed term appears at higher
orders, and that all seeds containing a scale —1 irreducible term are eliminated by the first
prohibition rule.

Moreover, the second prohibition rule tells us that terms Yoyt ~ 14014 are pro-
hibited. So we should use only 10%d,1 or 1o .1) instead of Yot d.1p. Then immediately
we can forget about 10 9,1 because to contract transverse indices i and j we will need to
go higher orders. Finally, we ignore terms which are proportional to the EOM and can be
eliminated by field redefinitions

V' 0ath =0 =0 (5.18)
2?°X; =0 (5.19)

and for the fermions these can be written in light-cone coordinates as
O_1py = O_11 = Oqahy = 041 = 0. (5.20)

Scale 0 terms can be obtained by multiplying irreducible scale 0 terms or scale —1 and
scale 1. However, as discussed above such terms with fermions are subjected to prohibition
rules or proportional to the EOM. Scale 1 terms can be obtained by contracting the indices
of a scale 1 irreducible term either with itself, or with the indices of scale 0 terms. This
gives the following terms

(@Eaa@b)(abd}yaabw)a (@7“5%)(3(11/33&;1/))7 (%Evaﬁbiﬁ)(aclljaabac@b),
(@Zaabac¢)(aa1;'7cab¢)a (Q;Uabac@b)(aa?z’ycab@b) . (5-21)

All of which are proportional to the EOM, as can be seen by writing them in light-cone
coordinates.
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Scale two terms can be obtained from contraction of scale 2 irreducible with scale 0
irreducible or as contraction of two scale 1 irreducible terms. We get

1x 12 (0atp0pt))(0°P0")), (DathOt))(0etpa™0), (847" 0°Y)(DathOet)),
(0“7 0a) (O U WOct)), (0“Vy O (Opth7c0ath), (0°Yy ") Dt X,
(0°4po ™ Dctp) (0Mpoap0qth), (Detba ™Dt (Datho D), (01ha*0M)(Datpo™dat)),
(0™ 0™) (Dprpo Dat)) (5.22)
2% 0: (0°Y0ast)) (VO)), (DathBoct))(ho™Oet)) . (5.23)

After some manipulation we see that among all of these terms only two are independent
(Duth ) (0" ), (5.24)
(0“9 0")Dap X - (5.25)

However using integration by parts, one can see that (5.25) is proportional to the
EOM, leaving us with (5.24) as the only non-purely bosonic seed up to scale 2. This is the
term we found in (4.40) above.

6 Energy correction of the 0v¥01¥ 931 dy term

The most interesting lowest scale result we have arrived at in the analysis of the previous
sections is the term

LY = o /=g h 00O g™ g . (6.1)

In order to make this result testable we would like to see how it affects the energy levels
of the Akulov-Volkov string at large L. To do so we will consider this term in the static
gauge, and in the lowest order in derivative expansion

L£3" = 200 0cbdapnn™ + O (8°) =
= 4CQ@+E18_E284_T/}18_¢2 +0 (85) . (6.2)

We will treat this as a perturbation for the free part of the AV action
T 6 — . - = . —
LAV free = 3 (1050402 + 1204 1hy + ihiO_th1 + ith10_1j) (6.3)
L= EAV free T Erlng (64)

Since the leading order perturbation is purely fermionic, the boson field is completely free
and we can ignore it for this derivation. We define the conjugate momenta

5L T Lo _
(301/11) —5Ti)i — 2c2041;0 150 1
o L _ (aowz) _ — 1Ty + 26234@137%3##1 (6.5)
5 (0ov) (30¢2) %Tilpz + 202049 0491 0-1o
5(— awl) —5Tit1 + 2020 150 10 _1ho
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so that the Hamiltonian is
2nR
H= /da(Haow—E) -
0
2nR 27 R

_ / do (TIov) — e / do (01010101 drs + O (97)) =

0 0
- Hfree + H4 (6-6)

where we use L = 27 R and have plugged in the equations of motion (2.29). We look at
the Fourier expansion of the fields on a closed string in the NS sector at 7 = 0 (for the R
sector take n € Z instead of r € Z + 3)

[ 2 L ire - T L ire
= _— w H = — _— w .
V(o) TRT 2 b, o) ==i\5 R 2 byl (6.7)

reZ+i reZ+i
2 irs T . T irg
¢2(a):,/777T D bR, HQ(”):*“/ﬁ > bR (6.8)
reZ+i reZ+i
- 2 i _ire . T i ire
¥i (o) = “RT > bR, Hl(U)Z—Z\/m > bR (6.9)
re€Z+3 reZ+3i
A 2 > irg . T > irg
03 (0) =\ 2= > bR, HQ(U):—M/ﬂ > bR (6.10)
reZ+3: r€Z+3:

Ty Yr

where o € [0,27R] and {bs bsi} = 0p 405, s = 1,2,1,2. Note that ¢ is really periodic
only under 0 = ¢ + 47 R in the NS-NS sector since

Y (o) =—¢ (0 +27R). (6.11)

The commutator is

(¥ (0), Ty (0')} = —ibew [25 (04;;) -5 (‘72;];’)} (6.12)

where 0 () is non-zero for all € Z. Plugging this into the free (fermion) Hamiltonian

we get

Hfree =

Sl S e -, | (6.13)

s=1,2,1,2 \ reN+3

= v

This Hamiltonian is Weyl ordered, meaning that products of fermionic operators appear
in the form

1
o Z (_1>s(p1,-..pk) br,, - by, (6.14)
' (p1,---pr)Eperms(k)
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where s (p1,...pg) is the parity of the permutation (p1,...pg). We now take the normal
ordering to get

4 s 15 1
Hiree = E Z . Z bfrbr - @ (615)
s=1,2,1,2 TEN+§

where we used zeta function regularization to take sums of the form

1 —
51 k=1

> X /o +1\" ok 1

k_ _ _
Eljr => ( 5 ) =" C(—k) =40 k=24 (6.16)
r=;3

n=1

T 8120 k=3.

The perturbation Hamiltonian is

2R
(&) — —
Hy = i do011i01950120191 =
0
27TR
_ €2 i irn 22 irgZ 2 irgZ 1 iral _
= a2 / do g by, r1€" ®by roe"? ®by 13" ”b, T4 R =
T1,72,73,T4
2R
_ C2 1323241 —2mi(ri+ra+ra+ra) 525 _
= 3736 Z T1T2T3’F4bhbr2br3bm doe R =
71,72,73,74 0
2¢ ,
_ 2 :2 : i1 32 32
= W T (7" =+ n) T ( ) b rerrnb 7n/b,,,/_n . (617)
nez ryr’

This clearly annihilates the ground state. The simplest of its eigenstates with non-zero
eigenvalues are

1

¥ =75 (

1

113)
2 2

i%, 12%>> (6.18)

since

ne”Z ryr!

202 i
= — SN rrn) e (¢ —n) bl by, b2 b2 ”f( b ibl b2 >| ) =

12 >i

neZ r,r'
€2 1 2142 ;2,1 32 i1 2272 41
b b b* 1b3b° 16" 1£b1b 10907 1D
87TT2R5\[< 2 2 75 5 2 2 2 75 *2 >|O>
€2 i 2 1
bt 16" j:b
87TT2R5f< f%) 10 =+5; T2R5 )

which gives rise to the energy correction

C2

AFNg = +——— .
NS 8712 R5

(6.19)
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Where other eigenstates will give rise to more complicated energy corrections at this order in
1/R. We can repeat this analysis for the Ramond sector with |¢) = % (‘ 11,13) + ’1%, 1%>>
to get

4 1
Hree = E E ( g nbs_n fl + 24> (620)
s=1,2,1,2 \neN

262

AEp = +—=2
R= = 0T2R5

(6.21)

7 Discussion and conclusions

In this work we present a general method to generate invariant actions for effective strings
which break D = 4, N = 1 SUSY. We have shown that this method recreates known
results, as well as producing new ones. Our method does not generate terms which are
only invariant up to the equations of motion, which may be related to anomalies as in the
bosonic case, but seems to be exhaustive otherwise. We can summarize our method as tak-
ing a seed term — a minimal term of Goldstone bosons and Goldstinos which is invariant
under the non-broken ISO(1, 1) x SO(D —2), and performing 4 simple moves: (a) replacing
the Minkowski metric % with the worldsheet metric g?° as defined in (4.33), (b) replac-
ing n > 2 scaling boson vertices with the combination vertex Cf, ., as defined in (4.58),
(c) replacing n > 3 derivatives with covariant derivatives as defined in (4.63), (4.66) and
(d) replacing the Euclidean transverse metric d;; with the transverse metric ¢;; as defined
in (4.53). This method clearly shows that every known bosonic invariant has a super-
symmetric counterpart, as well as the existence of new supersymmetric invariants with no
bosonic counterparts, the simplest of which we have termed E;ing and for which we have
calculated its energy corrections. As directions for future research, we can consider repeat-
ing this analysis for the case in which only half of the SUSY generators are broken, such
that the worldsheet theory has N' = (0, 2) supersymmetry, analyzing ﬁgng in the conformal
gauge and verifying it does not contribute to the conformal anomaly and that no other
terms are possible also in that approach, and generalizing this work to other dimensions

and N > 1.
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