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a b s t r a c t
In this work we consider a model where the potential has two topological sectors connecting three
adjacent minima, as occurs with the φ 6 model. In each topological sector, the potential is symmetric
around the local maximum. For φ > 0 there is a linear map between the model and the λφ 4 model.
For φ < 0 the potential is reﬂected. Linear stability analysis of kink and antikink lead to discrete and
continuum modes related by a linear coordinate transformation to those known analytically for the λφ 4
model. Fixing one topological sector, the structure of antikink-kink scattering is related to the observed in
the λφ 4 model. For kink-antikink collisions a new structure of bounce windows appear. Depending on the
initial velocity, one can have oscillations of the scalar ﬁeld at the center of mass even for one bounce,
or a change of topological sector. We also found a structure of one-bounce, with secondary windows
corresponding to the changing of the topological sector accumulating close to each one-bounce windows.
The kink-kink collisions are characterized by a repulsive interaction and there is no possibility of forming
a bound state.
© 2019 Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3 .

1. Introduction
Spatially localized topological conﬁgurations in nonlinear ﬁeld
theories are solutions with localized energy density that attain
topological proﬁle and propagate freely in time without loosing
form. Solitons, for instance, maintain their form even after scattering, but there are other localized structures that present different
but still interesting features when they collide with one another.
On general grounds, the simplest localized solutions in ﬁeld theories that present topological proﬁle are kinks and antikinks in
(1, 1) spacetime dimensions and can be constructed in theories
with one or more scalar ﬁelds.
Orbifold brane collisions were considered in cosmology, in
cyclic/ekpyrotic models of the universe [1,2]. Such models are alternatives to the inﬂationary universe, where the big bang is a
transition from a phase of contraction to a phase of expansion.
Local nongaussianities predicted by cyclic models are constrained
by the CMB temperature and E-mode polarization maps [3]. Despite originally formulated in heterotic M-theory, some of the ideas
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of cyclic models can be considered in other brane universe theories [1], such as brane models constructed with kinks embedded
in spacetimes with larger dimensions.
Kink scattering in integrable systems is surprisingly simple,
with the solitons gaining at most a phase shift. Some examples of
integrable models are: i) KdV equation, connected to the FermiPasta-Ulan problem [4,5] in the continuum limit; ii) nonlinear
Schrödinger equation, important for describing nonlinear effects
in ﬁber optics [6,7]); iii) the ubiquitous sine-Gordon equation [8],
studied among other things in theories describing DNA [9] and
Josephson junctions [10–12].
In nonintegrable models, kink scattering has a complex behavior. For ultrarelativistic velocities and arbitrary potentials, there is
an analytical expression for the phase shift [13]. The simplest nonintegrable and largely studied is the λφ 4 model [14–23]. In that
model, for larger initial velocities v we have inelastic scattering,
with the pair of solitons colliding once and separating thereafter.
For smaller velocities than a critical one, v < v c , the kink-antikink
forms a composed state named bion that radiates continuously until the complete anihilation of the pair. For smaller velocities with
v  v crit there are regions in velocity, named two-bounce windows, where the scalar ﬁeld at the center of mass bounces twice
before the ﬁnal separation of the pair. Stability analysis of the λφ 4
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Fig. 1. (a) Potential V (φ), (b) Field conﬁguration for the kink φ (0,1) and c) Schrödinger-like potential V sch (x) for perturbations around the kink φ (0,1) . The parameters are
ﬁxed as m2 = λ = 2.

kink leads to a Schrödinger-like equation with two discrete eigenstates: a zero or translational mode, related to the translational
invariance of the model and a vibrational mode.
An argument for the occurrence of two-bounce windows was
presented by Campbell, Schonfeld and Wingate (CSW) [16] as a
resonance mechanism for the exchange of energy between the
translational and the vibrational mode. A counter-example of this
mechanism was found for the asymmetric φ 6 model, where the
presence of two-bounce windows is explained not by the (absent)
vibrational state of the kink, but due to the presence of vibrational
state related to the combined kink-antikink conﬁguration [24]. Another counter example is the total suppression of two-bounce windows due to the presence of multiple vibrational states [25].
Kink scattering in nonintegrable models is a topic that has
been under intense investigation. One can cite studies with polynomial models with one [24,26–32] and two [33–36] scalar ﬁelds,
nonpolynomial models [37–42], vector solitons [43], multi-kinks
[44–47], interaction with a boundary [48,49], models with generalized dynamics [50] and interactions with impurities [51–53].
Recently, using molecular dynamics simulations, it was proposed the realization of nonintegrable λφ 4 kinks in buckled
graphene nanoribbon [54,55]. Kinks in such a system could be a
possibility of experimental veriﬁcation of negative pressure radiation effects [56,57]. Ab-initio excited-state dynamics was used for
study the photogeneration and time evolution of topological excitations in trans-polyacetilene. Upon lattice relaxation, the produced
pair exhibits a pattern of two-bounce resonance characteristic of
nonintegrable dynamics [58]. Then, the investigation of models
leading to new patterns of kink scattering in nonintegrable theories could be useful not only to better understand some aspects
of nonlinearity, but also to interpret scattering results after ab initio calculations describing these or similar physical systems.
In this work we investigate kink scattering in a hybrid model
with two topological sectors. Each topological sector connects adjacent vacua of the theory. The hybrid model appeared very recently
in the Ref. [59], generated through the reconstruction of ﬁeld theories from reﬂectionless symmetric quantum mechanical potentials.
In that paper one has the construction of two distinct ﬁeld theories
from the very same quantum mechanical potential. This motivated
us to further explore this model, with the aim to identify its speciﬁc features under kink collisions. We notice that the presence
of the two sectors seems to simulate the φ 6 model studied in
the Ref. [24]. On the other hand, the model can be described as
patched from two parts of the λφ 4 potential. However, the model
is still different from the λφ 4 model, because of the reﬂection symmetry. Then a last motivation for considering the hybrid model is
to analyze which modiﬁcation the reﬂection symmetry introduces
to the known classic results of the λφ 4 model.
Fixing one topological sector, the numerical analysis of antikinkkink scattering shows the expected structure of one-bounce, bion
and two-bounce windows explained by the CSW mechanism for
a kink (and antikink) with translational and one vibrational state.
However, the analysis of kink-antikink scattering gives unexpected

results, such as one-bounce windows and thinner one-bounce
windows related to the change of topological sector. We explain
our ﬁndings of one-bounce windows with the CSW mechanism,
adapted for the one-bounce windows.
In the next section we present the model already investigated
in Refs. [59,60], brieﬂy reviewing its static kink and antikink solutions. We show how this model is related to the λφ 4 model after
ﬁeld and coordinate transformations. We also present the linear
stability analysis of the solutions. In the Sec. 3 we present our
main scattering results and then conclude the work in the Sect. 4.
2. The model
Let us consider the action





S hybrid =

dtdx

1
2


∂μ φ∂ μ φ − V (φ) ,

(1)

with the potential [59,60]
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m
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Fig. 1a shows that the potential
has three minima in φ = 0 and
√
φ = ±φ v , with φ v = m/ λ. Then we have two topological sectors connecting adjacent minima. There is symmetry around the
minimum φ = 0, so the system engenders symmetric φ = 0 and
asymmetric φ = ±φ v minima, and can be used to simulate a ﬁrstorder phase transition, in a way similar to the case of the standard φ 6 model. In the current case, however, given a topological
sector, the potential is also symmetric around each one of its local maxima, and this induces an important difference which will
make the stability Schrödinger-like potential (see below) symmetric, and so well distinct from the stability potential that appears
in the φ 6 model, which is asymmetric. The equation of motion is
φ̈ − φ  + dV /dφ = 0. Static kink solutions are given by
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Fig. 1b depicts the kink proﬁle φ K
solutions are given by φ
(−φ v ,0)

(φ v ,0)

K̄

(x). Corresponding antikink
(0,φ )
(0,−φ v )
(x) = φ K v (−x) and φ K̄
(x) =

(−x). Perturbing linearly the scalar ﬁeld around one
kink solution φ K (x) as φ(x, t ) = φ K (x) + η(x) cos(ωt ) leads to
the Schrödinger-like equation −η + V sch η = ω2 η , where the

φK

Schrödinger-like potential for kinks and antikinks is given by
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This stability potential is presented in Fig. 1c.
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Note that the hybrid model has deep connections to the well4
studied λφ√
model. Indeed, for φ > 0 and after the transformations
1
φ → 2 (m/ λ + φ), xμ → 2xμ , we get S hybrid = 14 S λφ 4 , where S λφ 4

3. Numerical results

is recovered for φ < 0 under
ogously, the same model and solution
√
the transformations φ → 12 (−m/ λ + φ), xμ → 2xμ . The equation
for perturbations for the hybrid model can be mapped, with xμ →
2xμ , to the equation of perturbations for the λφ 4 model, where
the corresponding Schrödinger-like potential is the Poschl-Teller
with known eigenvalues and eigenfunctions [14]. The eigenvalues
2
2
from both models are related as ωhibrid
= 14 ωλφ
4 . The Schrödinger-

Here we present our main results of antikink-kink and kinkantikink scattering. We solved the equation of motion with a
pseudospectral method on a grid with 2048 nodes with periodic
boundary conditions. We ﬁxed x = ±x0 with x0 = 15 for the initial symmetric position of the pair and set the grid boundary at
x = ±xmax with xmax = 200. A symplectic method with the Dirichlet condition imposed at the boundaries was also applied to double
check our numerical results. We used a 4th order ﬁnite-difference
method with spatial step δ x = 0.09 and a 6th order symplectic
integrator with time step δt = 0.04. In this section we ﬁx the parameters λ = m2 = 2.

like equation for the hybrid model has two bound eigenstates: the
zero-mode or translational state, a vibrational mode:

3.1. Antikink-kink ( K̄ K ) collisions

is the action for the λφ 4 model with potential V (φ) = λ4 (m2 /λ −

φ 2 )2 and corresponding kink solution φ =
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There is also a continuum of states described by
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The continuum states are normalized as [14]



dxηk∗ (x)ηk (x) = δ(k − k).

(11)

Note that, despite strictly connected, the hybrid and λφ 4 models are not the same, since there is no unique transformation that
can be applied to bring one to another. However, even being different, many properties of the hybrid model are inherited from
the λφ 4 model. One can cite the simple rescaling between the
energy eigenvalues, the simple connection between the eigenfunctions and a Z 2 -symmetric Schrödinger-like potential. As occurs in
the λφ 4 model, the Schrödinger-like potential for the hybrid model
is the same for kink-antikink and antikink-kink solutions. This implies, in the λφ 4 model, that the scattering process is the same for
both conﬁgurations. We will see that in the hybrid model, on the
contrary, kink-antikink and antikink-kink have different structures.
This is connected to the possibility of changing the topological sector at the outcome of the collision process. The numerical analysis
of Schrödinger-like potentials for kink-antikink and antikink-kink
show that negative eigenvalues are absent, meaning that the conﬁgurations are stable. This is corroborated by the scattering analysis presented in the following section, since each initial pair conﬁguration travels without loosing energy before the interaction.
From here on, and without loosing generality, we will consider the initial proﬁle belonging to the topological sector connecting the vacua φ = 0 and φ = φ v . This is justiﬁed because the
Schrödinger-like potential is symmetric.

To solve the equation of motion for antikink-kink scattering we
use the following initial conditions: φ(x, 0) = φ K̄ (x + x0 , v , 0) +
φ K (x − x0 , − v , 0) and φ̇(x, 0) = φ̇ K̄ (x + x0 , v , 0) + φ̇ K (x − x0 , − v , 0)
where φ K̄ (x + x0 , v , t ) means a Lorentz boost solution for antikink
with velocity v, centered at x = −x0 . For v < v c with v c = 0.2599,
bion states are achieved, where the scalar ﬁeld at the center of
mass φ(0, t ) changes after the scattering from the initial value
φ = 0 to erratic oscillations around the adjacent vacuum φ = 1,
as in the example shown in the Fig. 2a. After long time emitting scalar radiation, the antikink-kink pair annihilates and the
scalar ﬁeld goes to the vacuum φ = 1. For v > v c the output is
an inelastic scattering between the pair. In this case, φ(0, t ) shows
one-bounce (represented by N b = 1) between the vacuum φ = 0 –
see, for instance, the Fig. 2d. Also, for some windows in velocities
v  v c , φ(0, t ) presents two-bounce (N b = 2) between the vacuum
φ = 0, as in the example shown in the Fig. 2b. Close to two-bounce
windows there appear three-bounce windows. This process repeats
in a fractal way with higher-bounce windows. One example of a
collision with four-bounce is depicted in the Fig. 2c. For comparison we included in the Figs. 2e-h, the results for the φ 4 model
with same initial velocities used in Figs. 2a-d for the hybrid model.
Note from the examples of the ﬁgures Fig. 2a (bion), 2b (twobounces) and 2c (four-bounces) that the scalar ﬁeld do not cross
to the other topological sector during and after the collision. Then
the mapping between hybrid and φ 4 models is justiﬁed and the
phenomenological CSW mechanism can be used to understand the
presence of two-bounce windows as a resonant mechanism described by ω1 T  = 2π m + θ1 , where T  is the time interval between
the bounces and θ1 is a phase shift. This means that, for collisions
(hybrid)

(φ 4 )

belonging to the same windows, and since ω1
= ω1 /2, the
time interval between the bounces for the hybrid model is twice
larger, in comparison to the φ 4 model. This can be veriﬁed comparing, for instance, Figs. 2b and 2f. The Fig. 2d for the one-bounce
shows oscillations of the scalar ﬁeld for negative values of φ after the scattering. This can be interpreted as the scalar radiation
emitted by the antikink-kink pair which can be described in terms
of the frequencies of continuum mode – smaller for the hybrid
(hybrid)

(φ 4 )

model as ωk
= ωk /2. The same reduction of the frequency
of oscillations, described above for two-bounce and one-bounce
collisions, is also observed for the bion states (compare Figs. 2a
and 2e). The unifying reason for this is in the transformation of
coordinates xμ → 2xμ that connect both models.
Considering that in between the two-bounces the scalar ﬁeld
oscillates near to the initial vacuum φ = 0, we have investigated
if a crossing to the other topological sector could appear for collisions with higher number of bounces. We found no signal of crossing for collisions with three- and four-bounces. This signals that for
antikink-kink collisions the hybrid and φ 4 models can indeed be
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Fig. 2. Antikink-kink collisions: φ(x = 0, t ) for the hybrid model (higher ﬁgures) and for the φ 4 model (lower ﬁgures), showing (a), (e) bion state for v = 0.18, (b), (f)
two-bounces for v = 0.2, (c), (g) four-bounces for v = 0.1877 and (d), (h) one-bounce for v = 0.27.

Fig. 3. Antikink-kink collisions: number of bounces N b versus initial velocity v
showing expected two-bounce windows according to CSW mechanism.

mapped. Naturally, despite mapped, the models are different, with
detectable differences on the scattering, as we showed in the Fig. 2.
One further aspect to be explored here is the structure of bouncewindows. Fig. 3 summarizes our main results for the number of
bounces as a function of initial velocity. Note that the thickness of
each two-bounce windows decreases with the velocity as one approaches the limit v = v c from below. The order of the 2-bounce
windows is the number m of oscillations between the bounces. For
instance, Fig. 2b shows a plot of φ(0, t ) with m = 1, belonging to
the ﬁrst two-bounce window. Comparing the scattering results for
the hybrid model with those for the λφ 4 model [20], we see that
the Fig. 3 roughly matches the Fig. 3a from Ref. [50] for the λφ 4
model. We also studied the structure of some three-bounce windows. We observed that the extrema that deﬁne the interval in
velocity are not the same. Despite of this, their length are equal,
considering the round error.
3.2. Kink-antikink (K K̄ ) collisions
In this case the initial conditions
√ are given by φ(x, 0) = φ K (x +
x0 , v , 0) +φ K̄ (x − x0 , − v , 0) − m/ λ and φ̇(x, 0) = φ̇ K (x + x0 , v , 0) +
φ̇ K̄ (x − x0 , − v , 0). We analyzed the collisions varying the initial velocity v. For v > v crit , with v crit = 0.152, the scalar ﬁeld
(0,1)
gains a phase shift changing the topological sector as φ K (x, t ) +
(1,0)

φ K̄

(0,−1)

(x, t ) → φ K̄

(−1,0)

(x, t ) + φ K

(x, t ), as depicted in Fig. 4a.

There we see that the scalar ﬁeld at the center of mass changes
abruptly from the vacuum φ = 1 to the vacuum φ = 0. For most
velocities v < v crit we have bion states and the scalar ﬁeld at the
center of mass, initially in the vacuum φ = 1, oscillates erratically
after the collision around the vacuum φ = 0 – see Fig. 4b. For
some velocities v  v c , despite linear perturbations leading to vibrational states for both kink and antikink, there is no evidence of
two-bounces like the one described in the Fig. 2b for antikink-kink
collisions. There we saw that φ(0, t ) oscillates around the initial
vacuum φ = 0. In the present case, on the contrary, we have cases
in which the scalar ﬁeld, initially in the vacuum φ = 1, bounces
once; during the bouncing the scalar ﬁeld presents a certain number N of oscillations in the other topological sector around φ = −1
– see Figs. 5a-c. This pattern was already observed in the modiﬁed sine-Gordon model [37]. Fig. 6(a) shows the distribution of
one-bounce windows in a plot of N versus the initial velocity.
Note from the ﬁgure the presence of one-bounce windows with
N growing and their thickness decreasing with v. In particular, the
Figs. 5a-c correspond to the ﬁrst three one-bounce windows from
Fig. 6(a).
The occurrence of oscillations in the one-bounce collisions can
be explained as a mechanism of resonance: initially the pair has its
energy in the translational mode; during the oscillations the energy is stored in the vibrational mode. After some oscillations the
pair is released following a relation of the form ω1 T = 2π N + θ2 ,
where T is the time interval of the one-bounce and θ2 is a phase
shift. This is similar to the CSW mechanism described before for
two-bounce windows for antikink-kink collisions, trading i) T  by
T and ii) m, the number of oscillations between the bounces,
by N. The measured slope 7.41 is close to the expected value
2π /ω1 = 7.26.
Fig. 6b shows that close to the one-bounce windows we found
another structure of thinner windows. These thinner windows appear for larger velocities, reducing progressively their thickness
and accumulating around the maximum velocity of a given onebounce window. An example of the peculiar structure of such collisions is depicted in Figs. 7a-c. Initially in the vacuum φ = 1 and
after one bounce with a number N of oscillations, the scalar ﬁeld
at the center of mass has another number n of oscillations before
tunneling to the other vacuum. The pair ( N , n) characterize the nth
thinner window near to the ( N − 1)th one-bounce window. For ex-

30

D. Bazeia et al. / Physics Letters B 793 (2019) 26–32

Fig. 4. (a) Scalar ﬁeld φ(x, t ) for the kink-antikink collision at high velocity v > v crit (here v = 0.154). Note the change of phase after the solution. (b) Bion state for v < v crit
(here v = 0.09).

Fig. 5. Kink-antikink collisions: scalar ﬁeld at the center of mass φ(x = 0, t ) versus time for (a) v = 0.104, with N = 2 oscillations during the one-bounce; (b) v = 0.124 with
N = 3; (c) v = 0.133 with N = 4.

Fig. 6. Kink-antikink collisions: a) number N of oscillations during an one-bounce collision versus initial velocity. b) Close to the one-bounce windows there is a series of
thinner windows with one-bounce collision followed by a change to the other vacuum state.

Fig. 7. Kink-antikink collisions: scalar ﬁeld at the center of mass φ(x = 0, t ) versus time for (a) v = 0.11069, (b) v = 0.10918 and (c) v = 0.10839.

ample, Figs. 7a-c are characterized, respectively, by the pairs (2, 1),
(2, 2), (2, 3). This means collisions corresponding to the ﬁrst, second and third thinner windows, near the ﬁrst one-bounce window.
4. Conclusions
In this work we have investigated antikink-kink and kinkantikink in a hybrid model. The model is similar to the φ 6 model,

in the sense that it engenders two distinct topological sectors.
However, in each topological sector, there is a linear map between
the hybrid model and the λφ 4 model. However, since the linear
transformation is not the same for both topological sectors, it is
not identical to the λφ 4 model. In each one of the two topological sectors the potential is symmetric around the local minima.
The equation of motion has symmetric static kink and antikink solutions, and the stability analysis for kink and antikink result in
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Fig. 8. Kink-antikink a) before and b) after collision resulting in a change of topological sector, as K K̄ → K̄ K . An impossible antikink-kink c) before and d) after collision with
a change of topological sector, as K̄ K → K K̄ .

a translational and a vibrational mode. Without loosing generality, we worked with initial conﬁgurations in the topological sector
connecting vacua φ = 0 and φ = 1.
Our numerical investigation of antikink-kink scattering showed
that, despite the models have different scalar ﬁeld proﬁles, their
structure of two- and three-bounce windows are related. Inside
each window the structure of a particular scattering can be explained by the CSW mechanism, with the vibrational and continuum modes explaining qualitative and quantitatively the results.
This corroborates the statement that there is no crossing to the
other topological sector and that there is indeed a mapping between the hybrid model and the λφ 4 model for φ > 0.
The structure of kink-antikink scattering is richer. Indeed, for
large velocities the pair has the possibility of changing to the
other topological sector. This means that a linear map to the λφ 4
model for the whole process is not possible, resulting in a different scattering structure not reported before in the literature. The
critical velocity separating one-bounce and bion states are smaller
than the observed for antikink-kink scattering. This means that a
transition from one topological sector to the other is favored in
comparison to bion states, where the pair oscillated around the
same topological sector. We showed that the one-bounce windows satisfy an adapted CSW mechanism. Also there are windows
substructures characterized by a change of topological sector. This
could be represented as K K̄ → K̄ K , and the solutions change from
the topological sector (0, 1) to the sector (−1, 0) as described in
Figs. 8a-b. A similar process for an antikink-kink, K̄ K → K K̄ would
mean a changing from the sector (1, 0) to the sector (−1, 0) as described in Figs. 8c-d. This however is not possible since it would
demand an inﬁnite amount of energy to change the vacuum in an
inﬁnite length interval.
The changing of the parameters λ and m do not modify the
structure of bounce windows. Their effect can be seen in the scalar
ﬁeld at the center of mass in two ways: i) since the vibrational freinterval
quency scales with m, larger values of m shorten the time√
between bounces; ii) they ﬁx the nonzero vacua as ±m/ λ. The
parameters also can have determinant inﬂuence on the pattern of
emitted radiation of bion states, not studied in this work. Indeed,
the energy density and the non-null vacua of the potential grows
with the decreasing of the parameter λ, resulting in a larger rate
of emitted radiation. This effect was studied recently in a model
with a false vacuum that differs only slightly from the φ 4 model
[61]. The increasing of parameter m grows the frequency ωk of the
continuum modes – according to Eq. (8) – which form the natural
basis for the description of scalar radiation.
If we had chosen initial conﬁgurations in the other topological
sector (0, −1)/(−1, 0), the symmetry of the potential guarantees
the exchange of behaviors for K K̄ and K̄ K collisions when compared the results described above. This would mean two-bounce
windows with an structure identical to the φ 4 model for kinkantikink collisions and the new behavior described above now for

antikink-kink collisions. We would have the possibility of K̄ K →
K K̄ with the changing of topological sector, but not for K K̄ → K̄ K .
We also investigated kink-kink scattering. To solve the equation of motion we used the following initial conditions: φ(x, 0) =
√
(0,φ )
(0,φ )
φ K v (x + x0 , v , 0) + φ K v (x − x0 , − v , 0) − m/ λ and φ̇(x, 0) =
(0,φ )

(0,φ )

v
(x + x0 , v , 0) + φ̇ K v (x − x0 , − v , 0), with x0 suﬃciently large
for strongly reduce the overlapping between the two kinks (for
instance, for λ = m2 = 2, the value x0 = 12 is enough). That is,
(−φ ,0)
(0,φ )
the initial proﬁle is φ(x, 0) = φ K v (x + x0 , v , 0) + φ K v (x −
x0 , − v , 0), meaning that the kinks come from two different topological sectors. The numerical method was the same used described in the last section for antikink-kink and kink-antikink scattering. The kink-kink pair has a repulsive interaction, so cannot
form a bound state. Our numerical analysis showed that after the
collision the scalar ﬁeld maintains the shape of the initial proﬁle. For lower velocities the pair does not even touch, whereas for
higher velocities there is one-bounce collision. The same applies
for antikink-antikink collisions.
Starting from the two-vacua λφ 4 model, the linear mappings
considered here are the most general possibles to construct a
model with three vacua. An analogous procedure of linear mappings can be applied for more general models with an odd number
2n of vacua for generating the hybrid models with 2n + 1 vacua.
The effects of the reﬂexing symmetry of the construction on kink
scattering described here are expected to follow a similar pattern
for such models.

φ̇ K

Acknowledgements
A.R.G, K.Z.N and F.C.S. thank FAPEMA – Fundação de Amparo à Pesquisa e ao Desenvolvimento do Maranhão through
grants PRONEX 01452/14, PRONEM 01852/14, Universal 01061/17,
01191/16, 01332/17 and 01441/18. A.R.G and D.B. thank CNPq
(brazilian agency) through grants 437923/2018-5, 311501/2018-4
and 306614/2014-6 for ﬁnancial support. This study was ﬁnanced
in part by the Coordenação de Aperfeiçoamento de Pessoal de
Nível Superior – Brasil (CAPES) – Finance Code 001.
References
[1] J. Khoury, B.A. Ovrut, P.J. Steinhardt, N. Turok, The ekpyrotic universe: colliding
branes and the origin of the hot big bang, Phys. Rev. D 64 (2001) 123522.
[2] P.J. Steinhardt, N. Turok, Cosmic evolution in a cyclic Universe, Phys. Rev. D 65
(2002) 126003.
[3] Planck Collaboration, P.A.R. Ade, et al., Planck 2015 results. XVII. Constraints on
primordial non-Gaussianity, Astron. Astrophys. 594 (2016) A17.
[4] E. Fermi, J. Pasta, S. Ulam, Studies of the Nonlinear Problems, I, Los Alamos
Report LA-1940, 1955;
Reprinted in D.C. Mattis (Ed.), Many-Body Problems, World Scientiﬁc, Singapore, 1993.
[5] D.K. Campbell, P. Rosenau, G.M. Zaslavsky, Introduction: the Fermi-Pasta-Ulam
physics – the ﬁrst ﬁfty years, Chaos 15 (2005) 015101.
[6] Linn F. Mollenauer, James P. Gordon, Solitons in Optical Fibers – Fundamentals
and Applications, Academic Press, Burlington, 2006.

32

D. Bazeia et al. / Physics Letters B 793 (2019) 26–32

[7] T. Schneider, Nonlinear Optics in Telecommunications, Springer, Heidelberg,
2004.
[8] J. Cuevas-Maraver, P.G. Kevrekidis, F. Williams, The sine-Gordon Model and Its
Applications, Springer, Heidelberg, 2014.
[9] L.V. Yakushevich, Nonlinear Physics of DNA, Wiley-VCH, Weinheim, 2004.
[10] A.V. Ustinov, T. Doderer, R.P. Huebener, N.F. Pedersen, B. Mayer, V.A. Oboznov,
Dynamics of sine-Gordon solitons in the annular Josephson junction, Phys. Rev.
Lett. 69 (1992) 1815.
[11] D.R. Gulevich, M.B. Gaifullin M. B, F.V. Kusmartsev, Controlled dynamics of sineGordon breather in long Josephson junctions, Eur. Phys. J. B 85 (2012) 24.
[12] J.J. Mazo, A.V. Ustinov, The sine-Gordon equation in Josephson-Junction arrays,
Nonlinear Syst. Complex. 10 (2014) 155.
[13] M.A. Amin, E.A. Lim, I-Sheng Yang, Clash of kinks: phase shifts in colliding
nonintegrable solitons, Phys. Rev. Lett. 111 (2013) 224101.
[14] Sugiyama, Kink-antikink collisions in the two-dimensional φ 4 model, Prog.
Theor. Phys. 61 (1979) 1550.
[15] M. Moshir, Soliton-antisoliton scattering and capture in φ 4 theory, Nucl. Phys.
B 185 (1981) 318.
[16] D.K. Campbell, J.S. Schonfeld, C.A. Wingate, Resonance structure in kinkantikink interactions in φ 4 theory, Physica D 9 (1983) 1.
[17] C.A. Wingate, Numerical search for a φ 4 breather mode, SIAM J. Appl. Math.
43 (1) (1983) 120–140.
[18] D.K. Campbell, Solitary wave collisions revisited, Physica D 18 (1986) 47.
[19] T.I. Belova, A.E. Kudryavtsev, Quasi-periodic orbits in the scalar classical φ 4 ﬁeld
theory, Physica D 32 (1988) 18.
[20] P. Anninos, S. Oliveira, R.A. Matzner, Fractal structure in the scalar λ(φ 2 − 1)2
theory, Phys. Rev. D 44 (1991) 1147.
[21] R.H. Goodman, R. Haberman, Kink-antikink collisions in the φ 4 equation: the
n-bounce resonance and the separatrix map, SIAM J. Appl. Dyn. Syst. 4 (2005)
1195.
[22] D. Saadatmand, S.V. Dmitriev, D.I. Borisov, P.G. Kevrekidis, M.A. Fatykhov, K.
Javidan, Effect of the φ 4 kink’s internal mode at scattering on a PT-symmetric
defect, Pis’ma Zh. Eksp. Teor. Fiz. 101 (2015) 550;
D. Saadatmand, S.V. Dmitriev, D.I. Borisov, P.G. Kevrekidis, M.A. Fatykhov, K.
Javidan, JETP Lett. 101 (2015) 497.
[23] Patrick Dorey, Tomasz Romanczukiewicz, Resonant kink-antikink scattering
through quasinormal modes, J. Phys. Lett. B 02 (2018) 003.
[24] P. Dorey, K. Mersh, T. Romanczukiewicz, Ya. Shnir, Kink-antikink collisions in
the φ 6 model, Phys. Rev. Lett. 107 (2011) 091602.
[25] F.C. Simas, Adalto R. Gomes, K.Z. Nobrega, J.C.R.E. Oliveira, Suppression of twobounce windows in kink-antikink collisions, J. High Energy Phys. 1609 (2016)
104.
[26] A. Demirkaya, R. Decker, P.G. Kevrekidis, I.C. Christov, A. Saxena, Kink dynamics
in a parametric φ 6 system: a model with controllably many internal modes, J.
High Energy Phys. 12 (2017) 071.
[27] V.A. Gani, A.E. Kudryavtsev, M.A. Lizunova, Kink interactions in the
(1+1)-dimensional φ 6 model, Phys. Rev. D 89 (2014) 125009.
[28] H. Weigel, Kink-antikink scattering in φ 4 and φ 6 models, J. Phys. Conf. Ser. 482
(2014) 012045.
[29] T. Romanczukiewicz, Could the primordial radiation be responsible for vanishing of topological defects?, Phys. Lett. B 773 (2017) 295.
[30] E. Belendryasova, Vakhid A. Gani, Resonance phenomena in the φ 8 kinks scattering, J. Phys. Conf. Ser. 934 (2017) 012059.
[31] V.A. Gani, V. Lensky, M.A. Lizunova, Kink excitation spectra in the
(1+1)-dimensional φ 8 model, J. High Energy Phys. 08 (2015) 147.
[32] E. Belendryasova, V.A. Gani, Scattering of the φ 8 kinks with power-law asymptotics, Commun. Nonlinear Sci. Numer. Simul. 67 (2019) 414.
[33] A. Halavanau, T. Romanczukiewicz, Ya. Shnir, Resonance structures in coupled
two-component φ 4 model, Phys. Rev. D 86 (2012) 085027.
[34] A. Alonso-Izquierdo, Reﬂection, transmutation, annihilation and resonance in
two-component kink collisions, Phys. Rev. D 97 (4) (2018) 045016.
[35] A. Alonso-Izquierdo, Kink dynamics in a system of two coupled scalar ﬁelds in
two space-time dimensions, Physica 365 (2018) 12–26.

[36] Vakhid A. Gani, Alexander A. Kirillov, Sergey G. Rubin, Transitions between
topologically non-trivial conﬁgurations, J. Phys. Conf. Ser. 934 (1) (2017)
012046.
[37] M. Peyrard, D.K. Campbell, Kink-antikink interactions in a modiﬁed sineGordon model, Physica D 9 (1983) 33–51.
[38] V.A. Gani, A.E. Kudryavtsev, Kink-antikink interactions in the double sineGordon equation and the problem of resonance frequencies, Phys. Rev. E 60
(1999) 3305.
[39] F.C. Simas, A.R. Gomes, K.Z. Nobrega, Degenerate vacua to vacuumless model
and kink-antikink collisions, Phys. Lett. B 775 (2017) 290.
[40] V.A. Gani, A.M. Marjaneh, A. Askari, E. Belendryasova, D. Saadatmand, Scattering of the double sine-Gordon kinks, Eur. Phys. J. C 78 (2018) 345.
[41] D. Bazeia, E. Belendryasova, Vakhid A. Gani, Scattering of kinks in a nonpolynomial model, J. Phys. Conf. Ser. 934 (2017) 012032.
[42] D. Bazeia, E. Belendryasova, Vakhid A. Gani, Scattering of kinks of the sinhdeformed φ 4 model, Eur. Phys. J. C 78 (2018) 340.
[43] J. Yang, Y. Tan, Fractal structure in the collision of vector solitons, Phys. Rev.
Lett. 85 (2000) 3624.
[44] A.M. Marjaneh, V.A. Gani, D. Saadatmand, S.V. Dmitriev, K. Javidana, Multi-kink
collisions in the φ 6 model, J. High Energy Phys. 07 (2017) 028.
[45] A.M. Marjaneh, A. Askari, D. Saadatmand, S.V. Dmitriev, Extreme values of elastic strain and energy in sine-Gordon multi-kink collisions, Eur. Phys. J. B 91
(2018) 22.
[46] D. Saadatmand, S.V. Dmitriev, P.G. Kevrekidis, High energy density in multisoliton collisions, Phys. Rev. D 92 (2015) 056005.
[47] A.M. Marjaneh, D. Saadatmand, Kun Zhou, S.V. Dmitriev, M.E. Zomorrodian,
High energy density in the collision of N kinks in the φ 4 model, Commun.
Nonlinear Sci. Numer. Simul. 49 (2017) 30.
[48] P. Dorey, A. Halavanau, J. Mercer, T. Romanczukiewicz, Y. Shnir, Boundary scattering in the φ 4 model, J. High Energy Phys. 1705 (2017) 107.
[49] R. Arthur, P. Dorey, R. Parini, Breaking integrability at the boundary: the sinegordon model with robin boundary conditions, J. Phys. A, Math. Theor. 49
(2016) 165205.
[50] A.R. Gomes, R. Menezes, K.Z. Nobrega, F.C. Simas, Kink-antikink collisions for
twin models, Phys. Rev. D 90 (2014) 065022.
[51] R.H. Goodman, R. Haberman, Interaction of sine-gordon kinks with defects: the
two-bounce resonance, Physica D 195 (3) (2004) 303.
[52] Z. Fei, Y.S. Kivshar, L. Vazquez, Resonant kink-impurity interactions in the sinegordon model, Phys. Rev. A 45 (1992) 6019–6030.
[53] M.I.W. Roy, H. Goodman, Philip J. Holmes, Interaction of sine-Gordon kinks
with defects: phase space transport in a two-mode model, Physica D 161
(2002) 21.
[54] T. Mashoff, M. Pratzer, V. Geringer, T.J. Echtermeyer, M.C. Lemme, M. Liebmann,
M. Morgenstern, Nano Lett. 10 (2010) 461.
[55] R.D. Yamaletdinov, V.A. Slipko, Y.V. Pershin, Kinks and antikinks of buckled
graphene: a testing ground for the φ 4 ﬁeld model, Phys. Rev. B 96 (2017)
094306.
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