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1

Introduction

Scattering amplitudes in gravity theories, and in particular in N = 8 supergravity, are
interesting for a variety of reasons. Many studies are devoted to the question whether
N = 8 supergravity is ultraviolet (UV) finite perturbatively. The theory has been explicitly
shown to be UV finite in four dimensions up to four loops [1], and arguments based on
counterterms do not expect a divergence before seven loops [2]. This order is currently out
of reach of perturbative calculations, see [3] and references therein for the state of the art.
One may hope to make progress on this question from another angle. Amplitudes
in supergravity are closely related to their Yang-Mills counterparts. At tree-level, the
relationship comes in the form of KLT [4, 5] and the related BCJ color-kinematics duality
and double-copy construction [6]. The double-copy relationship is expected to hold at
loop level, where it reduces the problem of constructing gravity integrands to that of
calculating much simpler gauge-theory ones. In this sense, there is a relationship between
N = 8 supergravity and N = 4 super Yang-Mills (sYM), a finite quantum field theory.
Support for this conjecture is provided by all loop evidence of the analysis of infrared
singularities of supergravity [7]. This remarkable conjecture begs the question whether a
concise relationship exists for the integrated amplitudes. This is far from obvious, as the
double copy procedure in general changes power counting and other properties of individual
loop integrands.
The BCJ relations have also been applied at the level of classical gravity solutions [8–10], and recent work [11–13] applies amplitude methods to compute classical quantities in gravity [14].
Gravity amplitudes have also received attention in the context for renewed interest in
soft theorems. See ref. [15] for a review of connections between soft theorems, asymptotic
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symmetries, and the memory effect of gravitational radiation. New subleading soft theorems have been shown to hold at the level of tree-level amplitudes and loop integrands [16],
while at loop level corrections are expected [17–20].
In this paper we focus on amplitudes in N = 8 supergravity, and their relations to
N = 4 super Yang-Mills. We are motivated by the many special properties found in the
latter theory, and find it interesting to look for hints of simplicity in the former theory. The
key properties we focus on are the structure of infrared divergences, hidden symmetries,
and the analytic structure of loop corrections.
The infrared (IR) properties of gravity are much simpler compared to gauge theories.
Gravity amplitudes are free from collinear divergences, and soft divergences can be shown
to exponentiate in a way similar to Abelian theories. As a result, the amplitudes are much
less singular in the infrared compared to their Yang-Mills counterparts. One may easily
take into account the exponentiated divergences and define an IR-finite remainder function.
It is worth mentioning that these simple IR properties typically become manifest only upon
summing over all permutations of the contributing planar and non-planar Feynman diagrams. We take this as an encouraging sign that certain simple properties of (super)gravity
theories may be somewhat hidden at the level of the loop integrand.
Planar N = 4 super Yang-Mills has a hidden dual (super)conformal [21–26] or Yangian
symmetry [27]. This hidden symmetry is best thought of as a generalization of the wellknown Laplace-Runge-Lenz symmetry of the hydrogen atom in quantum mechanics [28].
It is an exact symmetry of bound states in N = 4 super Yang-Mills. The symmetry
has far-reaching consequences. For example, it entirely fixes the functional form of fourand five-particle amplitudes, and severely restricts higher-point amplitudes [23]. First
hints for a possible generalization of dual conformal symmetry to non-planar scattering
amplitudes appeared in refs. [29–32] and for form factors in [33]. At present, the version
of the symmetry discussed in [29, 31, 32] applies to certain individual integrals only (as
opposed to the full amplitude), while the version of [30] acts on objects related to, but
slightly different from, the original amplitudes. See also [34] for a discussion of hidden
symmetries at the level of bound states of black holes in N = 8 supergravity.
An empirically observed property of scattering amplitudes in N = 4 super Yang-Mills
has to do with the properties of the functions appearing in them. In all cases where the
answer is given by multiple polylogarithms, it has been observed that the transcendental
weight of the expressions (i.e. the number of integrations) at L loops is always 2L. We
refer to this as the maximal weight property of N = 4 super Yang-Mills. This is closely
related to observations that for certain anomalous dimensions, the N = 4 sYM answer may
be obtained from the corresponding QCD results by retaining the maximal weight piece
only [35, 36].
It is by now rather well understood which Feynman integrals evaluate to maximal
weight integrals. Conjecturally, Feynman integrals whose integrands can be written as dlog
forms have this property [37–40]. Note that this implies the absence of double (or higher
poles) at the level of the loop integrand. This conjecture can be motivated by, and is
closely connected to the differential equations that such functions satisfy [38, 41–43]. In
the literature, the dlog property is often discussed for four-dimensional loop integrands. In
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general, this is insufficient, as integrands vanishing in four dimensions may influence the
weight properties of the integrated answer. See [44] for a recent proposal on how to analyze
such terms.
Given the above remarks, it is important to have access to integrated amplitudes in
order to ultimately decide whether amplitudes are given by maximal weight functions. The
two-loop five-graviton amplitude in N = 8 supergravity [45, 46] has maximal weight. The
one- and two-loop four-graviton amplitudes share the same property [47, 48]. To appreciate
that these are remarkable properties, we emphasize that amplitudes with less than maximal
supersymmetries are known to contain terms with lower weight [49]. This happens even in
the case of UV-finite theories.
The integrand for three-loop four-graviton amplitudes in N = 8 supergravity is available in the literature in several forms that make different properties manifest. It was first
obtained in ref. [50] using the D-dimensional generalized unitarity method. These expressions contain up to quartic terms in loop momenta that correspond to two irreducible
numerators. In this paper, the ultraviolet finiteness at three loops was explicitly shown.
In ref. [51], a different expression for the integrand was given that has manifest UV power
counting. In ref. [6], a form of the integrand was given that is compatible with double
copy relations [52]. To the best of our knowledge, an explicit dlog form of the integrand
(even four-dimensional) is not available at present. On the other hand, in section 8 of [53]
an argument for the existence of such a representation is given. The argument goes as
follows. Suppose that for the N = 4 sYM integrand both a BCJ representation as well
as a dlog representation exist. Note that the numerators in the dlog part are constructed
such that, upon taking residues, no double poles occur. Then one can use these numerators to construct, via BCJ, the (four-dimensional part of the) supergravity integrand. By
construction, thanks to the numerator of one of the two integrands entering the double
copy, no double poles can occur at finite locations of the loop momenta. In the same paper, it was argued that, thanks to the linearity in momentum of the BCJ numerators in
the three-loop four-point amplitude, poles at infinity are also absent at that order. The
same is not necessarily true for more general amplitudes [54]. Therefore, conjecturally, one
may expect the three-loop four-graviton amplitude in N = 8 supergravity to have uniform
weight. One of the goals of the present paper is to verify this.
In this paper we compute for the first time, and in fully analytical form, the threeloop four-graviton amplitude in N = 8 supergravity. Our computation builds on our
previous work in N = 4 sYM [55], but represents a leap in complexity of the calculation.
Our starting point is a well known formula for the integrand of the desired scattering
amplitude [6, 50, 51]. We then use cutting edge techniques for the computation of multiloop Feynman integrals to perform the loop integration. This allows us to express the
final answer in terms of a class of well known analytic functions — so-called harmonic
poly logarithms [56]. We verify that our result displays the expected structure of infrared
divergences and is compatible with analytic predictions for the high energy limit of the
amplitude [57]. Our result displays remarkable simplicity on which we elaborate below.
The obtained formulae will serve as key ingredients for the exploration of properties of
scattering amplitudes in the future.

This paper is organized as follows. In section 2, we set up the notation and review
the one-loop four-graviton amplitudes. Section 3 is devoted to the infrared properties of
gravity. In section 4, we explain in detail our procedure for analytic continuation between
different physical regions. We present our novel three-loop results in section 5. Section 6,
we study the soft and Regge limit of the amplitude. We conclude in section 7.

2

Notations and four-graviton amplitude at one loop

i=1

Here A0 is the tree-level amplitude written in superspace [58]. This has the advantage that
it is completely permutation symmetric. When specified to gravitons of helicity − − ++,
for example, it becomes (see for example ref. [5])

2
st
h12i3
A0 (− − ++) = i8πGN
.
(2.2)
u h23ih34ih41i
The scattering amplitude is a function of the Lorentz invariant scalar products of the
external momenta. We introduced the variables
s = (p1 + p2 )2 ,

t = (p2 + p3 )2 ,

u = (p1 + p3 )2 .

(2.3)

Throughout this work we work regulate ultra-violet and infrared divergences of the Feynman integrals appearing in the amplitudes by taking the space time dimension to be
d = 4 − 2. (The three-loop supergravity amplitude is free of ultraviolet divergences.)
The coupling constant αG is related to Newton’s constant GN by
αG =

GN (4π)
cΓ .
8π 2 i

(2.4)

Here, we chose to absorb several factors depending on the dimensional regulator into the
definition of our expansion parameter, for convenience. In the above equation
cΓ =

Γ(1 − )2 Γ(1 + )
.
Γ(1 − 2)

(2.5)

For example, the one-loop amplitude can be written to all orders in the dimensional regulator as
(
h


1
s
s i
A(1) = 2 + s− u 2 F1 −, −; 1 − ; 1 +
+ t 2 F1 −, −; 1 − ; 1 +

t
u





t
t
−
+t
u 2 F1 −, −; 1 − ; 1 +
+ s 2 F1 −, −; 1 − ; 1 +
s
u
)
h



u
u i
−
+u
t 2 F1 −, −; 1 − ; 1 +
+ s 2 F1 −, −; 1 − ; 1 +
. (2.6)
s
t
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In this section we briefly discuss the overall setup and introduce some definitions. We write
the amplitude for scattering of gravitons in N = 8 super gravity in terms of
!
∞
X
(n)
A = A0 1 +
αG A
.
(2.1)

We refer to x as the argument of a HPL and to the ai as its indices. If the right-most
indices are zero the HPL would be divergent and we work with the regulated definition
1
logn (x).
(2.9)
n!
The HPLs are widely used in the literature and their properties are well understood, see
for example refs. [62–67]. Furthermore, we find it convenient to introduce the short-hand
notation
H(0, . . . , 0, ±1, . . . , 0, . . . , 0, ±1, −x) = H±m,...,±n .
(2.10)
|
{z
}
|
{z
}
H(0, . . . , 0, x) =

m

n
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Feynman integrals typically evaluate to linear combinations of transcendental functions,
multiplied by algebraic functions. The transcendental functions can be logarithms, polylogarithms, and generalizations thereof. They are characterised by a number, referred to
as the (transcendental) weight, or transcendentality. In the case of generalised poly logarithms the transcendentality is equivalent to the number of (iterated) integrals required to
define the generalised polylogarithm.
Such functions appear in a natural way in N =4 sYM. In the literature, the scattering
amplitudes in this theory are often organized in terms of pure functions, times algebraic
factors. Pure functions are defined to be Q-linear combinations of uniform weight functions.
Through studies in N =4 sYM, it was noticed that the algebraic prefactors of the pure
functions, and the transcendental weight, are closely connected to leading singularities of
Feynman integrands. This connection is particularly transparent in the context of the
differential equations method, when the latter are put into a canonical form [38]. See
refs. [59, 60] for discussions of canonical differential equations and pure functions in the
context of elliptic polylogarithms.
The Gauss hypergeometric functions in eq. (2.6) are pure functions when expanded in
the dimensional regulator. The deepest pole in  cancels among the different contributions.
This can be seen easily as for  = 0 the Gauss hypergeometric functions become identical
to one and the term in the large round bracket just reads 2(s + t + u) = 0. Notice, that the
term in the square bracket multiplying s− is symmetric under the exchange of t and u.
We define the ratio
t
x= .
(2.7)
s
Throughout our computation we always apply momentum conservation and replace u =
−s − t. Furthermore, we choose s = −1 as the functional dependence on s can easily
be recreated by dimensional analysis (see ref. [61] for conventions). We also assume that
x ∈ [0, 1] which implies that s ≤ t ≤ 0. This so-defined region corresponds to scattering
kinematics of the gravitons with momenta p1 and p3 scattering into gravitons with momenta
p2 and p4 . We will discuss the analytic continuation of this region to other regions below.
We will express our result for amplitudes at different orders in the coupling expanded in
the dimensional regulator in terms of harmonic poly-logarithms (HPLs) [56]. HPLs are
defined by
Z x
1
dx0
(|a
|+a
)
n
n
H(an , . . . , a1 , x) = (−1) 2
H(an−1 , . . . , a1 , x0 ), ai ∈ {0, −1, 1}. (2.8)
0−a
x
n
0

3

Structure of infrared divergences in N = 8 supergravity

(1)

A = A 0 e αG A F .

(3.1)

Here, the function F is free of infra-red or collinear divergences. It starts at the two loop
order. This property is particularly remarkable given the fact that we can obtain graviton
amplitude integrands from the double copy of YM theory integrands. The source of this
particular simplicity is the structure of the self-coupling of gravitons. While in YM the
self-coupling is proportional to the charge of the emitting particle, the equivalent of the
charge in gravity is the four momentum of the emitting particle. This means that the
rate for soft gravitons emitting further soft gravitons is proportional to a soft momentum
and hence vanishing (see ref. [76] for a nice review). As a result only diagrams with
soft gravitons radiated from external (hard) gravitons are non-vanishing in the soft loop
momentum region. The abelian exponentiation of such diagrams is by now well understood
and leads to eq. (3.1). Alternatively, we may also write
log

A
= αG A(1) + log F .
A0

(3.2)

Furthermore, we may write a perturbative expansion of the infrared finite part as
log F =

∞
X

aiG F (i) + O(IR ).

(3.3)

i=2

Here, the subscript IR on the dimension regulator implies that the coefficients F (n) may
well still be ultra-violet divergent. The finite term, sometimes called remainder, is known
at two loops for N = 8 [47, 48] and for N ≥ 4 supergravity [49].
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Similar to massless gauge theory scattering amplitudes graviton scattering amplitudes suffer from infrared divergences. These divergences originate from regions where loop momenta become very low energetic (soft) or collinear to one of the external particles. In
massless gauge theory one typically finds one double pole per loop order originating from
simultaneous soft and collinear singularities. However, it was already noted in ref. [68]
that collinear divergences cancel in physical graviton amplitudes in the eikonal (soft) limit.
Consequently, at most a single pole is allowed per loop order. We observed this cancellation
already above in the case of the one-loop amplitude when expanding in the dimensional
regulator and applying the kinematic constraint s+t+u = 0. In fact, collinear singularities
cancel for graviton scattering amplitudes, as was proven in ref. [69] and later in SCET in
ref. [70]. Indeed, already classical gravitational radiation in the forward direction of the
emitter is suppressed compared to for example electro-magnetic radiation [71].
Soft singularities in graviton scattering amplitudes were analysed in refs. [7, 47, 69,
70, 72, 73]. Modern techniques from the analysis the infrared structure of gauge theory
amplitudes were employed to study the exponentiation of soft singularities. The infrared
structure of gravity is reminiscent of the one of QED, rather than of the much more intricate
structure observed in non-abelian gauge theory [74, 75]. In fact, the soft structure of pure
graviton scattering amplitudes is even simpler than the one of QED: to any loop order soft
divergences in graviton scattering are given by an exponentiation of the one-loop ones,

Ultraviolet divergences in quantum gravity theories have received a lot of interest,
culminating in a recent computation of the ultra-violet limit of N = 8 super-gravity scattering amplitudes up to five loops in ref. [3]. Moreover, it is current consensus that N = 8
super-gravity is indeed UV finite up to seven loops (see for example refs. [3, 77–84]). Consequently, the three loop result F (3) obtained in this article has to be free of poles in the
dimensional regulator — and indeed it is.

4

Analytic continuation to different physical regions




s− h
s
s i
2
t
+
u
+

uLi
1
+
+
tLi
1
+
+ permutations + O()
2
2
2
t
u
1
= [(1 + x)H(−1, x) − xH(0, x) − iπ(1 + x)]

+ iπH(0, x) − H(−1, 0, x) − H(0, −1, x) + O().
(4.1)

A(1) =

Notice, that deriving the second line from the first line in the above equation is not entirely
trivial. The complication lies in the fact that our amplitude has non trivial imaginary parts
in the particular scattering region we chose. We therefore want to address at this point
the problem of analytic continuation in some detail.
The imaginary part of scattering amplitudes is defined by the external kinematics and
the Feynman prescription. The latter introduces a small imaginary part in each propagator
∆F (p2 ), thereby clarifying which contours we are integrating over when performing loop
integrations.
iP µνρσ
∆F (p2 ) = 2
.
(4.2)
p − iδ
Here, δ is infinitesimal and the exact form of the real numerator P µνρσ is irrelevant for the
current discussion. To understand the problem of analytic continuation of Feynman integrals better we start by writing down schematically the Feynman parameter representation
of an L-loop four-point scalar Feynman integral,
I(s, t, u) = C

Z Y
P

dxi xνi −1 U (~x)φU F (~x, s, t, u)φF .

(4.3)

i=1

Here C is some function of the external variables and the dimension; P is the number of
propagators in the integrals, the exponents νi correspond to the power of the ith propagator
and U and F are the first and second graph polynomials with their characteristic exponents
φU and φF . The particularities of the above definitions are not really important here. While
U is a positive semi-definite polynomial, F is positive semi-definite only in the so-called
Euclidean region defined by s < 0, t < 0 and u < 0. In particular, we can show that for all
Feynman integrals required for our computation can be put into the form
F (~x, s, t, u) = −sf1 (~x) − tf2 (~x) − uf3 (~x) + iδ ,
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Already in eq. (2.6) we presented results for the one-loop amplitude. Expanded in the
dimensional regulator the result becomes

s → s − iδ,
t → t − iδ,
u → u − iδ.

(4.5)

Once we expressed the desired integral in terms of a function basis we can then analytically
continue to any scattering region. For example, if we encounter a logarithm




 u
u − iδ
u
(s − u)
log
= log
− iδ
=
log
−
− iπ + O(δ)
s − iδ
s
s2
s
= log(1 + x) − iπ + O(δ).

(4.6)

Here, we repeatedly used the fact that δ is infinitesimal. We find that keeping all three
invariants separate is impractical. However, the above considerations are helpful to understand how integrals with permuted external legs can be obtained and different scattering
regions may be related.
Let us consider for example the case in which momentum conservation was applied and
we are handed a logarithm log(1 + x) without any additional information. Next, we want
to perform an exchange of external momenta p1 and p2 (u ↔ t). We may now interpret
our logarithm as a function of our Mandelstam variables as






u − iδ
t − iδ
1−x
→ log −
= log −x + iδ
.
(4.7)
log(1 + x) = log −
s − iδ
s − iδ
s
Alternatively, we may equally think that this is simply a logarithm of the ration of t/s.






t − iδ
u − iδ
2+x
log(1 + x) = log 1 +
→ log 1 +
= log −x − iδ
.
(4.8)
s − iδ
s − iδ
s
The imaginary part of the two logarithms considered in the above example is clearly different and leads therefore to two different results. The information we were given so far is
simply not enough to uniquely determine the outcome of such a permutation.
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where the fi (~x) are positive semi-definite functions of the Feynman parameters. The above
formula may be simpler in certain cases. For example, planar graphs will always only
depend on Mandelstam invariants of consecutive momenta. Depending on the ordering of
the external momenta of a planar Feynman integral, this could mean that the invariant u
can never appear. The case of form factor type integrals is particularly simple since they
only depend on a single invariant.
If at least one of the Mandelstam variables in eq. (4.4) is positive our F polynomial may
develop a branch cut and we would have to analytically continue before we can integrate our
Feynman parameters. Since we are imposing momentum conservation s + t + u = 0 we are
clearly working in such a region. In order to understand how our Feynman integrals can be
analytically continued it is helpful to think of all Mandelstam invariants as independent as
was explored for example in refs. [85, 86]. First, one computes the desired Feynman integral
in the Euclidean region and absorbs the infinitesimal imaginary part in the Mandelstam
variables

Keeping in mind that x ∈ [0, 1], there are certain transformations, where this ambiguity
does not occur. For example, the exchange of momenta p1 and p3 relates the logarithms
in our problem by
1
x→ ,
x
log (x) → − log (x) ,
log (1 + x) → log (1 + x) − log (x) ,

(4.9)

H(an , . . . , a2 , 0, x) = H(an , . . . , a2 , x) log(x)−H(0, an , . . . , a2 , x)−· · ·−H(an , . . . , 0, a2 , x)
(4.10)
or generalisations thereof, to make branch cuts (here at x = 0) explicit. In order to derive
the desired permutation t ↔ u we proceed by decomposing it into individual steps that
only require the continuation of a single logarithm at a time. With this approach we
are guaranteed that the argument of the logarithm in question corresponds to a ratio of
Mandelstam variables.
We start in the scattering region introduced above where s < 0 and t < 0 and x = st < 1.
1. We analytically continue to a region where t > 0 and introduce the new variable
x0 = −x.
 
 
t
t
log(x) = log
→ log
− iπ = log(x0 ) − iπ.
s
−s
 
 

u
u
→ log
= log 1 − x0 .
(4.11)
log(1 + x) = log
−s
−s
2. Now we may exchange t and u without crossing any branch cut since both are positive.
log(x0 ) → log(1 − x00 ).
log(1 − x0 ) → log(x00 ).

(4.12)

3. Finally, we analytically continue back to the region where our new t < 0 and introduce
the variable x000 = −x00 .
 
 
t
t
00
log(x ) = log
→ log
+ iπ = log(x000 ) + iπ.
−s
s
 
 

u
u
00
log(1 − x ) = log
→ log
= log 1 + x000 .
(4.13)
−s
−s
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irrespective of whether x = t/s or x = −1 − u/s. The exchanged invariants s and t are
both negative and no branch cut is crossed.
On the other hand, let us consider the permutation where we exchange p1 and p2 . It
corresponds to the transformation x → −1−x, which is problematic due to the branch cuts
of log(1 + x) and log(x). Since both cuts are crossed by applying this transformation we
need to ensure we know how to interpret the argument of both logarithms. The physical
branch cuts of our amplitude occur only at points where Mandelstam invariants vanish.
However, given that our amplitudes are comprised of HPLs only one branch cut can be
made manifest in terms of explicit logarithms at any given time. In particular this is
achieved by shuffle identities of the HPL’s such as

We eliminate the respectively missing Mandelstam invariant using the momentum conservation constraint. It is interesting to ask how we can consistently perform a variable
transformation on our amplitude given the difficulties with analytic continuation we examined above. Notice that the relations among the different variables
y=

1
,
x

z = −1 − x,

(4.15)

correspond exactly to the transformation relations we considered in the case of our two
basis permutations. We can thus perform a variable transformation between our different
representations by following the same steps as outlined above. Note that changing the
representation at the level of the amplitude amounts just to relabelling of s and x since
the amplitude is already permutation invariant.

5

The four-graviton amplitude up to three loops

In this section we present the explicit results for the four-graviton amplitude up to third
loop order. As mentioned earlier, the one- and two-loop results were already known but
we recomputed them for the purpose of this work. This serves as a useful cross check of
our methods as well as for producing terms at higher order in the Laurent series in  that
are needed for the verifying the exponentiation of soft divergences. The integrand for the
one- and two-loop amplitude was presented in refs. [5, 87, 88].
Integrands for the three loop amplitude were derived in refs. [6, 50, 51] and we use
in particular the representation given in ref. [51]. We perform a reduction of all appearing Feynman integrals to a basis of so-called master integrals by means of the Laporta
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Each of the above steps involves crossing only one branch cut with a well-defined iδ
prescription.
We then transform the remaining HPLs such that they have argument x0 after step
one, x00 after step two or x000 after step three respectively. The required transformations of
the HPLs do not produce explicit imaginary parts. Finally, after step 3 we relabel x000 → x
and finished our permutation procedure. In summary we performed the transformation
x → −1 − x000 .
Any other permutation of external legs can be found by a sequence of the two permutations described above. Notice, that the four graviton amplitude has to be fully symmetric
under the exchange of any external momenta. In order to ensure that we master the
subtleties of the above procedure we computed all required master integrals in each permutation of external momenta separately (by solving for the boundary constants in each
region) and find that they indeed can be transformed into one another by the above method.
We refer to the choice of variables {s, x} for our amplitude as the s-channel representation since we scaled out all s dependence. It may be convenient to represent a part of
our functions differently and we define the representations
n
so
t-channel :
t, y =
.
t o
n
u
u-channel :
u, z =
.
(4.14)
s

F (2) (s, t, u) =

X

σ(s)σ(t)f (2) (σ(s), σ(t), σ(u)).

(5.1)

σ∈Perms.

From the above equation it is obvious to see that F (2) is invariant under the exchange of
any two Mandelstam variables. Note that the choice of f is far from unique. For example
we can consider the identity


X
σ(t)
0=
σ(s)σ(t) log
.
(5.2)
σ(s)
σ∈Perms.

Here we use a different choice of function f (2) compared to [49]. Our two-loop function is
given by the pure function
L4x 1
1
+ iπL3x − H2 L2x
24
6
2
− iπH2 Lx + H3 Lx + iπH3 − H4 + 3ζ4 + iπζ3

f (2) (s, t, u) = Lx H2,1 − H3,1 +

(5.3)

Here, Lx = log x. Furthermore, it can be written in terms of the integral representation
f

(2)

x

Z
(s, t, u) = 3ζ4 + iπζ3 +
0

dx0 (2) 0
g (x ) ,
x0

(5.4)

with
g (2) (x) =

log3 (x) 1
1
1
− log(1 + x) log2 (x) + iπ log2 (x) + log2 (1 + x) log(x) − iπ log(1 + x) log(x).
6
2
2
2

(5.5)
Note that the above integral has to be understood to be regulated at x = 0 in the same
way as introduced in eq. (2.9).
A mathematical tool that has proven useful in the study of Feynman amplitudes and
the functions appearing therein is the symbol map [62]. In the case of HPLs the symbol
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algorithm [89] implemented in a private c++ code. The required master integrals for all
amplitudes were previously calculated in order to derive the results of ref. [55]. After inserting the expressions for the master integrals we obtain our final four graviton scattering
amplitude.
The results obtained for the L loop scattering amplitude A(L) are of homogeneous
transcendental weight 2L. They depend on the ratio x only via products harmonic polylogarithms and low order polynomials of maximum rank L. The harmonic polylogarithms
only have indices 0 and −1. The obtained functions A(L) are the main result of this article
and we present them in electronic form together with the arXiv submission of this article.
In the following we also present explicit results for the finite coefficient functions of the
logarithm of the scattering amplitude as defined in eq. (3.3).
It was noted in ref. [49] that the two loop amplitude could be written in particularly
nice form by introducing a seed function f (2) (s, t, u) and summing over all permutations
of the Mandelstam invariants.

map simply allows us to deduce the logarithmic integration kernels that define an HPL as
introduced in eq. (2.8). For example,
x

Z
Symbol(H0,0,1 ) = Symbol

0

x0

Z

d log(x )
0

00

000

d log(1 − x )

d log(x )
0

!

x00

Z
0

= log(1 − x) ◦ log(x) ◦ log(x).

(5.6)

d f (2) (x) = d log(x)g (2) (x).

(5.7)

In order to express our three loop result we follow the inspiration derived from the two
loop amplitude and write
F (3) (s, t, u) =

X

σ(s2 )σ(t)f (3) (σ(s), σ(t), σ(u)).

(5.8)

σ∈Perms.

We note that there is quite a degree of ambiguity in how to choose the function f (3) (s, t, u).
We choose one particular definition with a relatively small number of terms.
f (3) (s, t, u)
1
17
8
719
41
93
= − H2 L4x − iπH2 L3x + H3 L3x +
iπH3 L2x − iπH22 Lx −2H32 − iπH2 H3
6
21
3
70
35
35
5 3
96
1384
419
− Lx H2,1 − iπL2x H2,1 −15H4 L2x −
iπH4 Lx +40H5 Lx +
iπH5 −40H6
6
35
35
7
262
2
L2x (−H3,1 )+H2 Lx H2,1 +
iπLx H3,1 −2H2,1
+4iπH2 H2,1 −H3 H2,1 +4H2 H3,1
35
87
233
472
4L2x H2,1,1 +4Lx H3,2 +17Lx H4,1 + iπLx H2,1,1 +
iπH3,2 +
iπH4,1 −14H5,1
35
35
35
256
739
−
iπH2,2,1 −17Lx H3,1,1 −
iπH3,1,1 −4H3,1,2 −11H3,2,1 −11H4,1,1 −6Lx H2,1,1,1
35
35
79
179
99
24
142 2
8H2,2,1,1 +38H3,1,1,1 + L4x ζ2 +
iπL3x ζ2 − H2 L2x ζ2 − iπH2 Lx ζ2 +
H ζ2
70
105
35
35
35 2
47
132
47
32
132
149
− Lx ζ2 H2,1 +iπζ2 H2,1 +
ζ2 H3,1 − Lx H3 ζ2 − iπH3 ζ2 +
H4 ζ 2 −
H2 ζ 4
5
5
5
5
5
14
23
3268
1615ζ6 16ζ32 75iπζ5
3ζ3 H2,1 −8iπL2x ζ3 + iπH2 ζ3 −2H3 ζ3 −
iπζ2 ζ3 −
−
+
.
(5.9)
35
35
8
3
2
Furthermore, we note that the function f (3) (s, t, u) may be written as
f (3) (s, t, u) = −

1634 3
16ζ(3)2 75iπζ(5) 323π 6
iπ ζ(3) −
+
−
+
105
3
2
1512

x

Z
0

dx0 (3) 0
g (x ).
x0

(5.10)

Note that this implies that we may choose a three loop function that equally has log(x) as
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The fact that the two-loop function takes the particular form of eq. (5.3) allows us conclude
that the last (right-most) entry of its symbol is given by log(x) since

the last entry of its symbol map. Here, we introduced the function

The functions F (n) (x) are symmetric under permutation of Mandelstam invariants. To
obtain them from the functions f n (x) the techniques for analytic continuation outlined in
section 4 can be used. In supplementary material, we give explicit results in a computerreadable format.

6

Soft and Regge limit

Kinematic limits of scattering amplitudes often offer the possibility to explore universal
properties of gauge theory. The limit of one particle having zero energy (soft limit) [49, 90–
94] or scattering processes at very small angle (Regge or forward scatting limit) [57] are
typical examples of this. The fact that in such a limit the functional dependence of an
amplitude becomes simpler and that scattering amplitudes factorise into universal building
blocks and lower loop amplitudes can be exploited. Typically, logarithmically enhanced
terms in such limits are of considerable interest.
Note that we write the tree-amplitude in superspace, hence it is completely symmetric
under exchange of external particles. For a discussion of the behavior of the tree amplitude
for different helicity configurations of the scattered gravitons, see section VI of [49]. Due to
the large degree of symmetry of our four particle scattering amplitude many of these limits
are related. The limit of forward scattering where s becomes much greater than t would
send x → 0. If we were to consider the soft limit where s → 0 we can simply obtain it be
permuting the Mandelstam invariants s ↔ t. Since our amplitudes are invariant under such
permutations we simply need to re-label the variables in order to obtain the desired result.
For convenience of the reader we display explicitly the logarithmically leading terms
as x → 0. Note, that the leading logarithms are multiplied by powers of t. At two loops
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g (3) (x)
1
5
17
2
48
1
29
= − H1 L4x − H12 L3x − iπH1 L3x + H13 L2x − iπH12 L2x − H14 Lx + iπH13 Lx
6
12
21
3
35
4
70
549
1
82
1
2H2 L3x +
iπH2 L2x +2H22 Lx + H12 H2 Lx − iπH1 H2 Lx − iπH22 +2iπH12 H2
70
2
35
2
1 2
93
711
2
−7H3 Lx −19iπH3 Lx +10H4 Lx − H1 H3 − iπH1 H3 −4H2 H3 +
iπH4
2
35
35
7
116
268
− L2x H2,1 +H1 Lx H2,1 +2iπLx H2,1 +7Lx H3,1 −2H12 H2,1 −
iπH1 H2,1 +
iπH3,1
2
35
35
116
4H1 H3,1 +4H3,2 +3H4,1 −9Lx H2,1,1 +8H1 H2,1,1 +
iπH2,1,1 +H2,2,1
35
158 3
99
179
47
24
1
−4H3,1,1 +
Lx ζ2 − H1 L2x ζ2 +
iπL2x ζ2 − H12 Lx ζ2 − iπH1 Lx ζ2 + iπH12 ζ2
35
35
35
10
35
2
527
284
248
149
17ζ2 H2,1 −
H2 L x ζ 2 +
H1 H2 ζ 2 −
iπH2 ζ2 +17H3 ζ2 −
H1 ζ4 −16iπLx ζ3
35
35
35
14
3H12 ζ3 23
+ iπH1 ζ3 −2H2 ζ3 .
(5.11)
2
35

we find
(2)

F4

1 2
t log4 (x)
(6.1)
12


 u 1
1
+ − tu log −
+ iπt(s − t) log3 (x)
3
s
3

 u 1
 u 
3 2
2
2
+ −t(2s + t)H−2 − π st + iπu log −
+ su log −
log2 (x) + . . .
2
s
2
s

=−

Here, the dots indicate logarithmically suppressed terms. At three loops our result becomes
=

7 3
t log6 (x)
360


 u
7 2
1
2
+
t u log −
− iπt (3s − 2t) log5 (x)
60
s
20


1 2
1 2
+ t (2s + t)H−2 − π t 6s2 − 75st + 4t2
6
72
 u 1
 u 
1
2
−
tu(s + 5t) log −
+ iπtu(s + 2t) log −
log4 (x) + . . .
24
s
4
s

(6.2)

(6.3)

In ref. [57] all terms of the form


t
t
log2
s
s

L
(6.4)

were resummed to all orders, where L is the loop order. The resulting prediction provides
a strong cross check and agrees with our formula.
The above formulae were organized as an expansion in terms of powers of logarithms.
The latter are in general power suppressed. In the strict limit x → 0 we find
(2)

= 3π 2 s2 ζ3  + O(x) + O(2 ),

(3)

2
= iπ 3 s3 ζ3 + O(x) + O() .
3

lim F4

x→0

lim F4

x→0

(6.5)

It would be interesting to understand these results from an analysis of the soft limit [90].

7

Conclusion and outlook

We computed for the first time the three-loop four-graviton scattering amplitude in N = 8
supergravity. Our result is written in closed form expressed in terms of harmonic polylogarithms of uniform weight six. The amplitude has a complete permutation symmetry in
the external legs. We find that the amplitude can be written in an interesting way as the
sum over permutations of a factor st2 f (3) (x), where f (3) (x) satisfies a final-entry condition
(in other words, it satisfies a simple differential equation). A similar property was found
at two loops [49].
It is fascinating that all amplitudes in N = 8 supergravity computed to date, including
the one computed in the present paper, have uniform and maximal transcendental weight,
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